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Preface

This book addresses the issue of designing experiments for comparing two or more

treatments, when the experiment is sequential and the experimenter wishes to make

use of the information accrued along the way. This type of experimental design is

called adaptive. The aim of the book is reviewing and reorganizing the existing re-

sults of adaptive design theory, with particular attention to its mathematical foun-

dation. It is intended primarily as a research book. Our approach is essentially the-

oretical, highlighting the mathematical difficulties and the statistical properties of

adaptive designs as regards statistical inference following the experiment. We feel

that this approach is needed, since the choice of an experimental design cannot be

made without a full understanding of its properties, and we hope that this book will

complement part of the present day literature in which a large number of authors

base their conclusions on simulations. Simulations are generally very useful, but not

always sufficiently convincing, and in some cases they may be plainly misleading.

Ours is a book mainly devoted to general results, so it does not address problems

related only to particular applications. Specifically, it is not a book on clinical trials,

although a large number of the designs we present are clearly inspired by clinical

and pharmaceutical research, and the vast bibliography dedicated to this field. These

designs are discussed, in particular, in Atkinson and Biswas’ survey Randomized

Response-Adaptive Designs in Clinical Trials, 2014; our motivations are different

and we have chosen to dwell on general aspects more than on individual trials, so

there is little overlap, and we think of our book as a complement to theirs. This book

follows the lead of two fundamental works by W. F. Rosenberger and his coauthors

(Hu and Rosenberger, The Theory of Response-Adaptive Randomization in Clinical

Trials, 2006, and Rosenberger and Lachin, Randomization in Clinical Trials: The-

ory and Practice, 2002), to whom we are deeply indebted. We have updated several

results and included new topics.

The first chapter introduces the terminology and the statistical models most com-

monly used in comparative experiments. We present target allocations of the treat-

ments motivated by inferential considerations, and give new conditions for the con-

vergence of a sequential experiment to a given target. A discussion of asymptotic

inference plays a central role in the chapter. We also introduce a unifying definition

(Markovian Designs) to describe a large class of adaptive designs that share interest-

ing properties. We emphasize the role of randomization throughout, as an important

tool to avoid several types of bias. The randomized adaptive designs that we present

in the remaining chapters are grouped mainly according to methods of construction.

In Chapter 2 we illustrate designs whose assignment rule takes into account past

treatment allocations only, namely the renown biased coins and some urn ones. Then

xvii
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in Chapter 3 there come designs that make use of past data, too: sequential maximum

likelihood designs and doubly-adaptive designs, with a further section on the topic

of up-and-down experiments. In Chapters 4 and 5 we present multipurpose adaptive

experiments, involving also utilitarian choices and/or ethical issues: these are classi-

fied according to whether the decision on how to proceed is based on a step-by-step

compromise among the different objectives (Chapter 4), or an overall strategy that

seeks a compound optimal allocation target (Chapter 5); the latter is a fairly novel

approach, so the relative designs too are almost all new. The acquisition of covariate

information (like prognostic factors, biomarkers) about the statistical units involved

in the experiment is also of fundamental importance and should not be ignored in the

design. In Chapter 6 adaptive experiments are revisited to include covariates and new

adaptive methods for this context are presented. Throughout this book we make ex-

tensive reference to design optimality in the context of adaptive experiments, and the

basic tools of optimal design theory used in this book are included as a separate ap-

pendix. There is also another appendix on Bayesian adaptive designs: this is a widely

used methodology, and although our approach is frequentist, we regard this type of

design conceptually very important, so much so as to deserve a full book devoted to

them.

We are aware that several issues of great relevance for applied adaptive designs

are not included or not fully discussed in this monograph, such as dose-ranging es-

timation, sample size re-estimation, adaptive hypotheses designs and seamless trial

designs, to mention just a few. We do not feel that the theoretic study of some of

these methodologies has reached sufficient maturity to be included in this mono-

graph. Some other central topics are just hinted at, the most prominent of which is

stopping rules (at the end of Chapter 1). This is due to the fact that there already exist

outstanding books on this subject. Lastly, note that ours is a model-based approach,

thus we do not include designing experiments for randomization-based inference.

We hope that researchers working in the area of adaptive designs will find this

book a useful reference. Teachers of graduate-level courses on designs may find this

useful since it includes a fair number of examples. The degree of mathematical so-

phistication required from the readers is a knowledge of elementary algebra, calculus

and probability, and rudimentary notions of stochastic processes—in particular the

theory of Markov chains. We have tried to avoid making explicit use of more ad-

vanced mathematical tools, such as Martingale theory, although some of the results

we present (without proofs) are indeed based on such theories.
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Introduction

The scientific paradigm for the study of phenomena with variable outcomes is one or

more experiments followed by a statistical analysis of the observed data. A central

role is played by the model, namely the mathematical scheme that describes how the

phenomenon behaves. A large number of these experiments are for comparing the

effects of different “treatments”, possibly including one (or more) controls.

Planning the way in which the experiment will be performed, namely, the exper-

imental design, is of fundamental importance. In this book we discuss experiments

that are performed sequentially. Interest in sequential procedures can be traced back

to sequential acceptance sampling by Wald (1947), with the possibility at each stage

either to accept or to reject the sampled lot, or to continue the sampling. But the con-

cepts and philosophy of sequential experimentation really took off in the 1960s, in

particular with the well-known “play-the-winner” design (Zelen, 1969). Beginning

with Efron (1971), sequential methods were employed in experiments in order to par-

tially correct deviations from balanced treatment assignments. At the same time, a

concern about balancing allocations among units with different characteristics led to

the development of sequential covariate-adjustment rules by Zelen (1974) and Taves

(1974).

Since then, experiments that take place in a sequential way have become increas-

ingly common in different fields including educational testing, industrial engineer-

ing, clinical trials, etc. There are many reasons for wanting to carry out an experi-

ment sequentially. In clinical trials, for instance, the main concern is monitoring the

results to protect against adverse effects of the treatments. In industrial experiments,

the intent is to increase efficiency and reduce costs. The correct design of these ex-

periments poses challenging statistical problems and important advances have been

made. This has developed into a new and important area of statistics called Adap-

tive Designs. The rigorous definition of an adaptive experiment is one performed in

steps: at each step the decision about how to proceed next is made according to a

pre-established rule that makes use of the information accrued along the way from

the observed outcomes and/or statistical units. A useful introduction with real life

examples is given by Rosenberger (1996).

Adaptive methods are attractive to experimenters: they look and often are more

flexible, efficient, ethical and/or economical, and they seem to reflect actual practice

in real life. Thus it is not surprising that statistical research on adaptive design theory

and practice has advanced substantially over the past two decades. In the context of

medical and pharmacological studies this is also due to strong encouragement from

U.S. government agencies. Clearly the updating process of an experiment cannot take

place in a haphazard manner, which could undermine the validity and integrity of the

xxi
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ensuing statistical analysis of the data: if some of the information acquired along

the way is used to redirect the experiment itself, the common assumption of inde-

pendent data may no longer hold. So the design of an adaptive experiment requires

special care. U.S. health authorities have issued some important statements on statis-

tical, clinical and regulatory aspects of adaptive designs in clinical research (CHMP,

2007; FDA, 2010). Following Sir Ronald Fisher, the father of experimental design

theory, the allocations of the treatments to the units should generally include planned

randomness as a protection against several forms of bias, in particular the selection

bias arising from the investigators being able to guess the treatment allocations in

advance (Blackwell and Hodges, 1957), the accidental bias due to the presence of

potential confounders, the chronological bias related to potential time trends, etc.

(Sverdlov and Rosenberger, 2013a). In planning clinical trials in particular, random-

ization is regarded as a must. If an experiment is adaptive, randomization means that

the treatments are allocated to the next units by allocation probabilities that make use

of the past experience.

There are several ways of designing an adaptive experiment for comparing two or

more treatments, and most of them are reviewed in this book, with a focus on those

that in our judgment are more relevant or more useful, or with a clearer justification.

They have been classified according to what past information they make use of at

each step, whether some or all the past allocations, whether just the most recent

outcome or all the past outcomes, or whether they also use information about past and

present statistical units. As to the methods of construction, there is a strong tradition

in adaptive randomization to use urn models, but as we shall show, the theory of

optimal designs plays an important role too; besides, new methods are often born

out of combinations of existing ones. Moreover, it is not infrequent that an adaptive

design is driven by the demand to approach a desirable target allocation, and we

present theoretical results which ensure that this convergence takes place.

The aim of the experiment is clearly the motivating force behind its design, and

adaptive designs are no exception. In a comparative experiment, the aim is usually

to see whether the effects of the treatments differ, and by how much, in which case

the experimenter’s interest lies in maximizing the power of tests and the precision of

estimates. But the experiment may also be partly utilitarian, i.e., aimed at maximizing

the expected return or minimizing the expected loss; this may be due to an ethical

or economic concern on maximizing the number of experimental units receiving the

best treatments. There is a recent tendency to try to accommodate more than just

one objective, typically mixing utility with statistical inference to get a compromise

design that partly meets both demands, so special adaptive designs are also devised

to serve more purposes.

Last but not least, a common request from practitioners is to know which adaptive

design is the best for a particular problem. An attempt at choosing among several

types of “biased coin” designs can be found in Atkinson (2014). Unfortunately there

cannot be a single answer to this question, since the choice clearly depends on the

purpose or purposes. Besides, since the actual realization of an adaptive design will

be the outcome of chance and/or of the observed data, it is not even possible to

establish in a clear-cut way of how good a design is on the basis of its real life
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implementations: had the outcome of the observations been different, the experiment

would have evolved in a different way. Even the traditional rule “keep it simple!” has

to be reconsidered in the light of the present available computer facilities that make

even complicated adaptive designs relatively easy to put into practice. This justifies

why the main emphasis of this book is on illustrating the theoretical properties of the

designs.





1

Fundamentals and preliminary results

1.1 Contents of this chapter

In this first chapter we introduce the terminology, the main assumptions, and the sta-

tistical models most widely used in adaptive comparative experiments with v treat-

ments. In particular the observed responses are assumed to behave according to one

of the models belonging to the exponential family − see Section 1.3 − and we make

the essential assumption that at each step, given the treatment assigned to the exper-

imental unit, the response is independent of the other observations. The role of the

ensuing Fisher information in an adaptive design setting is highlighted in Section 1.4.

In Section 1.5 there is a discussion of the type of inferential approach to be

adopted, whether we should condition on the experimental design regardless of the

fact that it has been achieved as a realization of a sequential process or whether,

on the contrary, inference should be unconditional, as argued by Rosenberger and

Lachin (2002). This essentially depends on whether the design is of the allocation-

adaptive type, i.e., the randomization mechanism for the choice of the next treatment

is a function of the past allocations only, or response-adaptive, i.e., dependent on past

data as well.

In Section 1.6 we discuss the meaning of inferential optimality for an adaptive de-

sign, and Section 1.7 presents some treatment allocations, i.e., targets, motivated by

the classical theory of Optimal Designs. An adaptive design is defined to be asymp-

totically optimal if it converges to an optimal target. Section 1.8 contains several con-

ditions for the convergence of an adaptive design to a desired target and the asymp-

totic properties of the maximum likelihood estimators, followed by some illustrative

examples in Section 1.9 related to a simple type of experiment: the Sequential Max-

imum Likelihood design. In Section 1.8 we also give the result that in most common

cases a treatment allocation which is asymptotically optimal for conditional infer-

ence is also optimal when the inference is unconditional.

Section 1.10 is dedicated to the study of the properties of a large class of adaptive

designs with a Markovian-type characterization, again followed by examples: Biased

Coins, Play-the-Winner, Up-and-Down (Section 1.11). Section 1.12 deals with rules

for stopping the experiment on the basis of the accrued data; by their very nature

these rules are always adaptive.

1
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Lastly, Section 1.13 tackles the implementation of adaptive designs in compara-

tive experiments; for instance, a practical problem is when the responses are delayed,

so that the decision about the next treatment assignment is to be made before the out-

comes of the most recent ones are observed. There is also a brief hint at the case of

missing data. The controversial issue of simulation is discussed in Section 1.14.

1.2 Some notation

We start this chapter by introducing some basic notation. Comparative experiments

of the sequential type are the object of our study. We wish to compare v treatments

T1, . . . , Tv: each unit of our sample will be assigned one of the treatments and a

scalar response Y will be observed. Typically, the outcome Y will depend, as well as

on the treatment, on some characteristics of the statistical unit, generally referred to

as covariates or block effects. We will deal with covariates in Chapter 6, but for the

time being we are not going to take them into account.

We also suppose that the statistical units enter the trial one after the other, and at

each step only one treatment is assigned. At step i, let δi = (δ1i, . . . , δvi)
t denote

the allocation vector by δji = 1 if unit i is allocated to treatment Tj , and 0 otherwise;

clearly
∑v

j=1 δji = 1. We write δ(n) = {δ1, . . . , δn} for the allocation sequence

after n steps, and Y (n) = {Y1, . . . , Yn} for the sequence of responses up to n; both

δ(0) and Y (0) will denote the empty set. Furthermore, let Njn =
∑n

k=1 δjk and

πjn = n−1Njn denote the number and the proportion of assignments of treatment j,
respectively, and write Nn = (N1n, . . . , Nvn)

t and πn = (π1n, . . . , πvn)
t.

For specific problems the notation introduced so far appears unduly complex:

oftentimes the number of treatments to be compared is just two, and we shall use A
and B instead of T1 and T2. With just two treatments there is no need to resort to

an allocation vector δi = (δ1i, δ2i)
t, since δ2i = 1 − δ1i, so it suffices to use δi as

the indicator for treatment A at stage i, and similarly πn will be the proportion of

allocations to A after n steps.

The treatment allocation rule may be deterministic or stochastic: a general way

of representing it consists in the sequence given by the allocation probability of each

treatment at stage 1 and the conditional probabilities of assigning the treatment given

the past allocations and observations at every subsequent stage i ≥ 2:

Pr(δj1 = 1) and Pr
(
δji = 1|δ(i−1), Y (i−1)

)
, j = 1, . . . , v. (1.1)

We write the sequence of all these probabilities as

{
ℜ
(
δi | δ(i−1), Y (i−1)

)}
i≥1

. (1.2)

Because of the dependence of (1.2) on the past allocations and observations, the

experimental design will be a stochastic process, whose realization is the sequence

of treatment assignments that actually take place in the experiment. The treatment
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allocations behave like data, and the experimental information arising from n ob-

servations will be described by the natural history of the experiment up to step n,
namely the sequence ℑn = {(δ1, Y1) , . . . , (δn, Yn)}.

Another useful concept related to the experiment is that of a statistic. For a given

n, a statistic is a function of the data up to step n, i.e., Sn = s(δ1, Y1, . . . , δn, Yn).
A typical statistic is n−1

∑n
i=1 δjiYi, the average outcome on treatment j in the first

n observations. A special case is when the statistic is a function of just the design

points: we will refer to it as a design statistic Sd
n = sd(δ1, . . . , δn). For instance

Njn =
∑n

k=1 δjk , the number of times treatment j is assigned in the first n runs, is

a design statistic. When the design is sequential, we deal with sequences {Sn}n∈N

of statistics. A design statistic sequence will be said to generate the design when it

contains all the information on the experiment: in other words, given
{
sdn
}
n∈N

it is

possible to retrieve the sequence of the design points {δn}n∈N. More in general, at

each step n we would usually consider a vector of statistics, for example

(
N1n

n
,
1

n

n∑

i=1

δ1iYi,
N2n

n
,
1

n

n∑

i=1

δ2iYi

)
.

In sequential adaptive designs, usually the dependence of the assignments on the past

history is obtained defining the allocation probabilities (1.1) at step n to be functions

of a vector of statistics related to the experiment.

In the next chapters we shall deal with the two separate cases of whether the

allocation rule (1.1) is of the simpler form

{
Pr
(
δji = 1 | δ(i−1)

)
, j = 1, . . . , v

}

or also dependent on the observations; in other words, whether one modifies the ex-

periment along the way on the basis of just the past allocations or of the observed

responses too. For the former case, a suggested terminology is allocation-adaptive

design. For the latter, the standard terminology is response-adaptive, but some au-

thors also use response-driven or stage-wise data-dependent designs, or similar ex-

pressions; see, for instance, the discussion in Rosenberger and Lachin (2002). A word

of warning: care should be paid when meeting with the expression response-adaptive

randomization. In this book it means any randomization device that at each step de-

pends on the accrued data. In the context of clinical trials, however, it often implies

a process to allocate more patients to some treatments that appear more promising

than the others (see Coad (2008)).

1.3 Statistical models

The great majority of models used to describe the behaviour of the responses are

parametric ones, with some parameters being of interest for inference and others
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being nuisance parameters. We denote by L(Y1,γ|δ1) and {L(Yi,γ|δ(i), Y (i−1))}
the probability laws of the responses at steps 1 and i ≥ 2 respectively, which we

assume to depend on a vector of unknown parameters γ ∈ Ω, where Ω is an open

convex subset of Rq . It is often the case that γ = (θ1, . . . , θr;φ1, . . . , φs)
t, with

θh ∈ R (h = 1, . . . , r) parameters of interest and φk ∈ R
+ (k = 1, . . . , s) nuisance

parameters. The most frequent cases are r = s = v or r = v, s = 1.

The following is often assumed to hold true:

Condition 1 Conditionally on the allocations, the observations are independent.

More precisely,

L(Yi;γ|δ(i), Y (i−1)) = L(Yi;γ|δi), ∀i ≥ 1. (1.3)

In other words, the only interdependence among the responses arises from the treat-

ment assignments.

Further assumptions are:

Condition 2 For all i ≥ 1, L(Yi,γ|δi) satisfies the usual Rao−Cramer regularity

conditions, to be found for instance in Cox and Hinkley (1974).

Condition 3 For all i ≥ 1, the conditional distribution ℜ
(
δi+1|δ(i), Y (i)

)
of the

design point δi+1 does not depend on γ.

A very general model, particularly useful in practice, is described by the regular

exponential family: for any j = 1, . . . , v, the observations relative to treatment j are

assumed to be identically distributed for all i ≥ 1, with probability or density of the

form

fj(y) = exp
{
φ−1
j [a(θj)y − b(θj)] + c(y, φj)

}
, ∀j = 1, . . . , v, (1.4)

with a(·) and b(·) twice continuously differentiable functions.

Special cases of particular relevance for applications are:

1. Bernoulli model

Pr (Yi = y | δji = 1) = pyj (1− pj)
1−y

= exp

{
y log

(
pj

1− pj

)
+ log(1− pj)

}
, (1.5)

with y ∈ {0; 1} and pj ∈ (0; 1);

2. Logit model, obtained from (1.5) by letting ηj = log[pj/(1− pj)]

Pr (Yi = y | δji = 1) = exp {yηj − log (1 + eηj )} ; (1.6)
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3. Normal model

fj(y) =
1√
2πσ2

j

exp

{
− (y − µj)

2

2σ2
j

}
(1.7)

= exp

{
(
σ2
j

)−1

(
µjy −

µ2
j

2

)
− y2

2σ2
j

− 1

2
log
(
2πσ2

j

)
}
,

with y ∈ R, µj ∈ R and σ2
j ∈ R

+; the case of different σ2
j is known as

the heteroscedastic model, while it is the homoscedastic model if all the

σ2
j are equal:

fj(y) =
1√
2πσ2

exp

{
− (y − µj)

2

2σ2

}
(1.8)

= exp

{
(
σ2
)−1

(
µjy −

µ2
j

2

)
− y2

2σ2
− log

(
2πσ2

)

2

}
; (1.9)

4. Exponential model

fj(y) = λj exp{−λjy} = exp{−λjy + logλj}, (1.10)

with y ∈ R
+ and λj ∈ R

+.

1.4 The likelihood and Fisher’s information

For a sample of size n, the conditional independence assumption (1.3) leads to the

following expression for the likelihood of the vector γ:

Ln

(
δ(n), y(n)

)
=

n∏

i=1

L (yi,γ | δi)×
n∏

i=1

ℜ
(
δi | δ(i−1), y(i−1)

)
. (1.11)

The product
n∏

i=1

ℜ
(
δi | δ(i−1), y(i−1)

)

does not depend on the unknown parameters of the model, so the Maximum Likeli-

hood Estimators of γ after n observations are

γ̂n = argmax
γ∈Ω

n∏

i=1

L(Yi;γ | δi) (1.12)

for a sequential design too. However, the distribution of the MLEs will not be the

same as in the non-sequential case and in general will depend on the design. This
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inferential problem is sometimes overlooked, as McCullagh (1981) was among the

first to point out.

From (1.11) we obtain the expression for the Fisher information matrix

I
(
γ | δ(n)

)
of the parameter vector γ conditional on the design sequence δ(n). The

matrix M
(
γ | δ(n)

)
:

M
(
γ | δ(n)

)
= n−1I

(
γ | δ(n)

)
=

1

n

n∑

i=1

(
E

[−∂2 logL(Yi,γ | δi)
∂γh∂γk

| δi
])

hk

(1.13)

is usually referred to as the normalized Fisher information. As is well known, under

Conditions 1-3 of Section 1.3, expression (1.13) is the inverse of the asymptotic

variance-covariance matrix of the MLEs conditional on the design. The expectations

E[·] inside the brackets of (1.13) are calculated with respect to the conditional model

L (Yi;γ | δi).
The normalized unconditional Fisher information is:

M(γ) =
1

n

n∑

i=1

E

[
E

(−∂2 logL(γ | δi, Yi)
∂γh∂γk

| δi
)]

hk

, (1.14)

where now the outer bracket expectation refers to the corresponding marginal distri-

bution of the ith design allocation δi.

It is worth stressing that, unlike (1.13), matrix (1.14)

• is not random,

• depends on the generating rule of the design through the marginal distributions of

the δi’s.

In the context of unconditional inference, the unconditional Fisher information (1.14)

may be a useful tool, but the exact distribution of the design sequence δ(n) is likely

to be unattainable.

We now apply the above discussion to calculating Fisher’s information for mod-

els belonging to the exponential family (1.4). Discarding the information on the nui-

sance vector φ = (φ1, . . . , φv)
t, after n steps the normalized Fisher information

conditional on the design associated with θ = (θ1, . . . , θv) is a v×v diagonal matrix

which depends on δ(n) only through the current vector πn of allocations, namely

M(θ|πn) = diag (πjn s(θj ;φj))j=1,...,v (1.15)

where s(θj ;φj) is the score associated with θj

s(θj ;φj) = φ−1
j

[
b′′(θj)−

b′(θj)

a′(θj)
a′′(θj)

]
, j = 1, . . . , v. (1.16)

Note that:

i) there is no direct dependence of the information matrix (1.15) on n;
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ii) since every s(θj ;φj) is a continuous function of the parameters,

M(θ|πn) too is a continuous function of θ, φ and πn;

iii) for a fixed sample size n the normalized conditional Fisher information

(1.15) is the same, whether the design is sequential or not.

If, without loss of generality, we assume the exponential family (1.4) parameterized

as follows:

θj = E[Yi|δji = 1], ∀j = 1, 2, . . . , v, i ≥ 1, (1.17)

then the MLEs θ̂n = (θ̂1n, θ̂2n, . . . , θ̂vn)
t of θ are the sample means:

θ̂jn =

n∑
i=1

δjiYi

Njn
, j = 1, 2, . . . , v (1.18)

and at each step n, the normalized conditional Fisher information becomes

M(θ | πn) = diag

(
π1n

V ar[Yi|δ1i = 1]
; . . . ;

πvn
V ar[Yi|δvi = 1]

)
. (1.19)

Expression (1.19) may depend on the nuisance parameters φ too.

For the examples of Section 1.3 the normalized conditional Fisher information

(1.15) is, respectively:

1. Bernoulli model

M(p1, . . . , pv | πn) = diag

(
πjn

pj(1− pj)

)

j=1,...,v

; (1.20)

2. Logit model

M(η1, . . . , ηv | πn) = diag

(
πjn

eηj

(1 + eηj )2

)

j=1,...,v

; (1.21)

3. Normal model

M(µ1, . . . , µv | πn) = diag

(
πjn
σ2
j

)

j=1,...,v

; (1.22)

4. Exponential model

M(λ1, . . . , λv | πn) = diag
(
λ2jπjn

)
j=1,...,v

. (1.23)

The unconditional normalized Fisher information for θ is

M(θ) = E [M(θ | πn)] , (1.24)

where the expected value is taken with respect to the distribution of the random vector

πn of treatment proportions. This implies that in expressions (1.20), (1.21), (1.22)

and (1.23) above, πjn is replaced by E[πjn] (for j = 1, . . . , v).
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1.5 Inference: Conditional on the design or unconditional?

When the experiment is sequential, the potentially random nature of the experimental

design may pose some problems for the statistical analysis of the experimental data.

The question of the correct inferential paradigm after a sequential experiment was

first posed by Silvey (1980). Later, Rosenberger and Lachin (2002) (Chapter 11)

have dealt with the question of response-adaptive design in depth and pointed out the

inferential pitfalls.

The prevailing viewpoint in practical applications is to draw inferences condition-

ally on the design; in other words the same inferential methods are applied, whether

or not the sample size and the sequence of the design points are predetermined. The

present authors share the opinion that for sequential designs it does make a difference

whether or not the allocation rule is response-adaptive. An allocation-adaptive de-

sign, i.e., such that the design points do not depend on previous observations, is non-

informative about the unknown parameter θ. The design as a whole can be thought

of as an extended ancillary statistic (see Cox (2006)): then a conditional inference

approach is justified (see for instance Lindsey (1996)).

On the other hand, when the allocation rule is response-adaptive, the design real-

ization is in itself informative about θ and conditional inference entails a partial loss

of information. Inference should be unconditional, namely should take into account

the randomness of the design as well. This point of view can be found for instance in

Rosenberger and Lachin (2002).

It would not escape even the most absent-minded reader that unconditional infer-

ence is mathematically very complex. As already pointed out, the Maximum Likeli-

hood estimators are the same as for non-adaptive designs, but not their distribution.

The estimators will usually be biased, and the confidence intervals based on the usual

pivots will not have the correct coverage probability; the distribution of common

statistics for testing treatment equality under the alternative hypothesis will also be

affected. Getting exact results for a given finite sample size n in most cases appears

to be an impossible task.

A way out is to use approximations based on asymptotic results, when avail-

able. A notable exception is the work of Woodroofe and Coad (1996) and Coad and

Woodroofe (2005), who build confidence intervals using finite sample approxima-

tions based on Edgeworth expansions.

1.6 Inferential optimality of an adaptive design

In the non-sequential case, some common methods for choosing the best design are

rooted in Optimal Design theory (see Appendix A): the key idea is to choose a crite-

rion that measures loss as a function of the variance-covariance of the estimators or

a function of the information matrix. We need to clarify what we mean by designs
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that are optimal for treatment comparison when the design points are obtained in a

sequence. Suppose we stop observing after n steps, with n chosen in advance; we

get the conditional information matrix (1.13). If we are going to infer conditionally

on the design, this is the information we want to optimize with respect to a given cri-

terion Φ. Thus an optimal design for estimating the treatments will be any sequence

δ(n)∗ such that

δ(n)∗ = argminΦ
(
M
(
θ | δ(n)

))
, ∀θ ∈ Θ.

As regards estimating treatments unconditionally, arguing along similar lines leads

to defining optimal designs as the ones that minimize the unconditional variance-

covariance matrix of the estimators of the parameters of interest with respect to a

suitable criterion. It is more common, however, to try and optimize the unconditional

information (1.14), namely to look for an allocation rule that generates a design pro-

cess δ(n)∗∗ such that

δ(n)∗∗ = argminΦ
(
Eδ(n)

[
M
(
θ | δ(n)

)])
, ∀θ ∈ Θ,

where we are minimizing with respect to the distribution of δ(n). The underlying

assumption is that (1.14) is, at least approximately, proportional to the inverse of the

variance-covariance of the estimators.

When the purpose of the experiment is to test a specific statistical hypothesis

on the treatment effects, optimality will consist in maximizing the power of the test

uniformly over the unknown parameters. A similar argument as above holds: for

sequential experiments, the power of the test is random, due to the randomness of the

design or the dependence on the data. When inference is unconditional, following

a response-adaptive design, our approach is to choose designs that maximize the

expected power. For finite n, in general this will be unfeasible to compute so other

approaches have been considered, as will be shown in more detail in Section 1.7.

1.7 Most informative targets

In comparative experiments with v treatments, we shall refer to all the desirable

treatment allocation proportions π = (π1, . . . , πv)
t as “targets”. The target π can be

either an actual desired proportion of assignments to T1, . . . , Tv out of a total of n
observations, or a limit to which the allocation proportions should ideally converge

as n increases.

A special case is when targets are obtained from Optimal Design theory. When

inference is conditional on the design, optimal targets for estimating the parameters

are obtained applying one of the optimality criteria of Appendix A to the conditional

variance-covariance matrix of the estimates, or the conditional information matrix;

see Appendix A. Since the observations are assumed to be independent conditionally

on the treatment, they are exchangeable, namely any permutation of their order does
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not alter the Fisher information matrix and the optimal design is a vector of propor-

tions of the total sample size, one for each treatment, which optimizes the chosen

criterion.

Example 1.1 Let A and B be the two treatments and suppose that the responses

belong to the exponential family (1.4). We assume the exponential family to be pa-

rameterized as in (1.17), namely let

θA = E[Yi | δi = 1] and θB = E[Yi | δi = 0]

be the treatment effects. Conditionally on the treatment assignment, the observations

are independent and identically distributed (iid), so we can also write

V ar[YA] = V ar[Yi | δi = 1] and V ar[YB ] = V ar[Yi | δi = 0].

For the one-parameter models in the exponential family (such as Bernoulli, Exponen-

tial, etc...), the treatment responses are stochastically ordered on the basis of their

effects, namely if θA ≥ θB thenFYA
(y) ≤ FYB

(y) for all y, where FY (y) denotes the

cumulative distribution function (cdf) of the random variable Y . The same holds true

for the exponential family models with parameters γA = (θA, φ) and γB = (θB, φ),
where the common φ is a nuisance; this clearly includes the normal homoscedastic

case.

Expression (1.19) now becomes

M(θA; θB | πn) = diag

(
πn

V ar[YA]
;

1− πn
V ar[YB ]

)
(1.25)

and the optimal inferential target with respect to an inferential criterion Φ is the

allocation

π∗
I = arg min

π∈[0;1]
Φ
[
M−1(θA; θB | π)

]
. (1.26)

We underline that target π∗
I will in general depend on the unknown model parame-

ters, not only the treatment effects but also the nuisances, if present.

When interest is in the joint estimation of the unknown treatment effects, the D-

optimality ΦD is usually applied, namely

ΦD(π) = det
[
M−1(θA; θB | π)

]
=
V ar[YA] · V ar[YB ]

π(1− π)
, (1.27)

and criterion (1.27) is always minimized when the two treatment groups are bal-

anced. For normal responses N(µj ;σ
2
j ) (j = A,B), (1.27) becomes

ΦD(π) = ΦD[M−1(µA;µB | π)] = σ2
Aσ

2
B

π(1− π)
, (1.28)

while in the case of binary outcomes Be(pj) (j = A,B) we have

ΦD(π) = ΦD[M−1(pA; pB | π)] = pAqApBqB
π(1 − π)

. (1.29)
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If the experimental aim is to estimate the difference θA − θB , the A-optimality crite-

rion

ΦA(π) = tr[M−1(θA; θB | π)] = V ar[YA]

π
+
V ar[YB ]

1− π
(1.30)

is proportional to the variance of the estimated treatment difference, and it is mini-

mized by the well-known Neyman allocation:

π∗
N =

√
V ar[YA]√

V ar[YA] +
√
V ar[YB ]

.

In the context of binary responses, other inferentially optimal targets are obtained

considering other criteria like the non-centrality parameter of the non-central chi-

squared distribution with 1 degree of freedom of the Wald test statistic (Tymofyeyev

et al., 2007).

Optimal allocation proportions for treatment comparison for some common lin-

ear and non-linear models with respect to most of the criteria mentioned above are

listed for instance in Sverdlov and Rosenberger (2013a). Table 1.1 gives some exam-

ples for the exponential family (1.4).

TABLE 1.1: Some optimal targets for the exponential family

Optimality criteria
Parametric models D- A- E-

Normal (µj , σj)
1
v

σj∑
v
s=1 σs

σ2
j∑

v
s=1 σ2

s

Binary (pj)
1
v

√
pj(1−pj)

∑
v
s=1

√
ps(1−ps)

pj(1−pj)∑
v
s=1 ps(1−ps)

Logit (ηj)
1
v

1+e
ηj√

e
ηj

∑
v
s=1

1+eηs√
eηs

(1+e
ηj )2

e
ηj

∑
v
s=1

(1+eηs )2

eηs

Exponential
(
θj = λ−1

j

)
1
v

θj∑
v
s=1 θs

θ2
j∑

v
s=1 θ2

s

Remark 1.1 The balanced design, namely πj = v−1 for all j = 1, . . . , v, is D-

optimal for all the models of Table 1.1 and is optimal with respect to all three criteria

for the normal homoscedastic model, as is evident from Appendix A.

For response-adaptive designs and unconditional inference, the targets of Table 1.1

represent the optimal values of E[πjn] for every j = 1, . . . , v.
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As for tests, the most common case is when there are two treatments, A and B,

and the null hypothesis is equality of the mean effects θj = E[Yi | δji = 1] for

j = A,B (i ≥ 1):

H0 : θA = θB

versus the two-sided alternative θA 6= θB . If the test is Wald’s (asymptotically equiv-

alent to the likelihood-ratio test or the score test), in a conditional inference approach

we obtain the same criterion as A-optimality, giving Neyman’s allocation − namely

allocation proportional to the standard deviation of the response conditional on the

treatment − as the optimal target (see examples in Table 1.1).

In an unconditional inference context, we suggest to maximize the expected

power but not all authors follow this approach. For instance, for the binary model

Hu and Rosenberger (2003) use a normal approximation for the distribution of the

test statistic and show that the asymptotic power is a decreasing function of the non-

centrality parameter of the chi-squared distribution with 1 degree of freedom. Using

a Taylor expansion, they also show that for a response-adaptive design the power

is an increasing function of the design variability, namely the variance of the allo-

cation proportions. Hence their viewpoint is that one can gauge whether a design

has asymptotically best power by whether its asymptotic variance attains its mini-

mum (Hu et al., 2006; Hu and Rosenberger, 2006). This leads to the definition of an

asymptotically best design, which will be further discussed in Chapter 3.

However, using Large Deviation approximation, other authors (Azriel et al.,

2012) show that for binary responses with two treatments the optimal design is close

(but not identical) to the balanced design, and different from the Neyman allocation

target to which the CLT approximation leads. This is due to the fact that the rate

of convergence of the CLT is slow, and the normal distribution is not suitable for

approximating the tails of the distribution of interest.

1.8 Asymptotic inference

In this section we deal with large sample properties of the design and the estimators

of the parameters.

1.8.1 Convergence to a target

When the desired proportions of assignments do not depend on the sample size n,

as the ones in Section 1.7, they can be regarded as desirable targets which the actual

allocation proportion in the experiment should aim at approaching with probability

one.

Definition 1.1 We say that a sequential design converges to a target π0 = π0(γ) if

lim
n→∞

Njn

n
= π0

j (γ) almost surely ∀γ ∈ Ω, for all j = 1, . . . , v. (1.31)
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This will be the case for most of the examples discussed in the rest of this book. We

shall indicate this convergence by lim
n→∞

πn = π0 a.s.

We now give a theoretical result that helps establish convergence in several prac-

tical cases. The proof can be found in Baldi Antognini and Giovagnoli (2006).

Theorem 1.1 A sequential design converges to π0(γ) if and only if

lim
n→∞

1

n

n∑

i=1

P
(
δj,i+1 = 1 | δ(i), Y (i)

)
= π0

j (γ) ∀γ ∈ Ω, ∀j = 1, . . . , v.

(1.32)

The expression on the left hand side of (1.32) is the Cesáro mean of the sequence of

allocation probabilities, which is well-known to converge if the sequence converges,

but not vice versa.

For the case of just two treatments A and B, there is another useful convergence

result whose proof is given in Baldi Antognini and Zagoraiou (2015). Starting with

n0 observations on each treatment, assume that an initial non-trivial parameter esti-

mation is derived. Then, at each step n ≥ 2n0, let γ̂n be an estimator of the parameter

γ based on the first n observations, which is consistent in the iid case.

Theorem 1.2 Let the allocation rule be of the form

Pr(δn+1 = 1 | ℑn) = ϕ (πn ; γ̂n) , for all n ≥ 2n0, (1.33)

where the function ϕ(x,y) : [0; 1]×Rq → [0; 1] is decreasing in x. If there exists a

continuous function t(y) : Rq → [0; 1] (which can be shown to be unique) such that

for all y ∈ Rq

ϕ(x,y) ≥ t(y) ∀x < t(y) and ϕ(x,y) ≤ t(y) ∀x > t(y),

then t(γ) 6= 0, 1 and limn→∞ πn = t(γ) a.s. ∀γ.

Theorems 1.1 and 1.2 play a complementary role: by applying either of them it is

often possible to prove the convergence of a given sequential design.

1.8.2 Asymptotic properties of maximum likelihood estimators

As already pointed out in Section 1.4, whether or not the sequential design is adap-

tive, the maximum likelihood estimators (MLEs) are the same as if the observed

design points and the sample size were predetermined. It is important to stress again,

however, that the distribution of the MLEs in general is not the same as when the

observations are iid. Conditions under which the MLEs retain the strong consistency

and asymptotic normality properties in the adaptive case too have been given by sev-

eral authors (Wu, 1985; Chaudhuri and Mykland, 1993; Rosenberger et al., 1997).

In actual practice the problem lies exactly in the possibility of checking whether or

not such conditions are satisfied in a specific instance. In particular, Melfi and Page
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(2000) show that estimators which are strongly consistent when the observations are

iid will preserve this property under any sequential randomized procedure such that

lim
n→∞

Njn = ∞ a.s. ∀j = 1, . . . , v. (1.34)

However, given a particular design it is not always straightforward to check whether

(1.34) holds. The following result of Baldi Antognini and Giovagnoli (2005) may be

helpful:

Lemma 1.1 Given a number n0 ≥ 1 of initial observations of each treatment, if

inf
i>n0

P
(
δj,i+1 = 1 | δ(i), Y (i)

)
> 0, ∀j = 1, . . . , v,

then lim
n→∞

Njn = ∞ a.s. for all j = 1, . . . , v.

As regards the asymptotic normality of the estimators, some “Central-Limit type”

theorems have been proved for some of the adaptive designs proposed in the litera-

ture, for instance by Rosenberger and Sriram (1996). A general result holds, whose

proof can be found in Baldi Antognini and Giovagnoli (2005):

Theorem 1.3 When the responses belong to the regular exponential family (1.4) un-

der Conditions 1, 2 and 3 of Section 1.3, if the allocation rule satisfies

lim
n→∞

1

n

n∑

i=1

Pr
(
δj,i+1 = 1 | δ(i), Y (i)

)
= tj a.s. (1.35)

where 0 < tj < 1 for all j = 1, . . . , v and the vector t = (t1, . . . , tv)
t is non-

random, as n→ ∞ the following is true:

• Njn → ∞ a.s. for all j = 1, . . . , v;

• πn → t a.s.

• θ̂n → θ a.s.

• M(θ | πn) → Σ−1 = diag
(

t1
V ar[Yi|δi1=1] , . . . ,

tv
V ar[Yi|δiv=1]

)
a.s.

• √
n(θ̂n − θ) →d N(0 ; Σ).

Theorem 1.3 states that the possibility of asymptotic unconditional inference can be

established by just looking at the design rule, namely checking whether (1.35) is

true. Moreover, it gives the asymptotic properties of the estimators of the quantities

of interest θ.

Theorem 1.3 is based on parametrization (1.17), and does not take into account

the nuisance parameters, but sometimes it is necessary to estimate the nuisances as

well; this point will find a further warrant in Chapter 3.
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1.8.3 Asymptotic optimality of a sequential design

In order to simplify the notation, in this section we do not explicitly state the possible

dependence of the targets on the unknown parameters.

Definition 1.2 A sequential design for comparing v treatments will be said to be

asymptotically optimal for conditional inference if

lim
n→∞

Nn

n
= π∗ a.s. (1.36)

where π∗ is a target treatment allocation that is optimal for conditional inference.

Similarly, it will be denoted as asymptotically optimal for unconditional inference if

lim
n→∞

Nn

n
= π∗∗ a.s. (1.37)

where π∗∗ is a target that is optimal for unconditional inference.

By continuity, under the assumptions of Theorem 1.3 the normalized conditional

Fisher information matrix converges:

lim
n→∞

M(θ | πn) → M(θ | t∗) = Σ−1 a.s. (1.38)

Thus, for a sequential design satisfying (1.35) the conditional and unconditional

asymptotic variance of the ML estimators of θ coincide and hence if a design is

asymptotically optimal for conditional inference, it is also optimal unconditionally,

and vice versa.

In some instances, as we shall see in the next chapters, it may be possible to show

that the sequential design is asymptotically normal, i.e., there exist a target allocation

π0 and a (v × v)-dim symmetric matrix Λ such that

√
n

(
Nn

n
− π0

)
→d N(0 ; Λ). (1.39)

As anticipated at the end of Section 1.7, the asymptotic variance-covariance matrix

Λ will in general affect the asymptotic inference. This will be explored in Chapter 3,

with the definition of an asymptotically best design by Hu and Rosenberger (2006).

In any case, the asymptotic normality of a design is an indicator that the rate of

convergence of the allocation proportion to the target π0 is
√
n, namely an indicator

of slow convergence.

1.9 Some examples of convergence of designs

The following simple examples will help illustrate the asymptotic behaviour of some

well-known and widely used sequential allocation rules when there are just two treat-

ments A and B.
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1.9.1 A likelihood-based design targeting Neyman’s allocation

For the purpose of some of the examples in this Section we briefly sketch the Se-

quential Maximum Likelihood method, whose properties are studied at greater depth

in Chapter 3.

Suppose that under treatments A and B, respectively, the responses are YA ∼
N(µA;σ

2
A) and YB ∼ N(µB ;σ

2
B). The target that minimizes the variances of the

estimator of the difference µA − µB is Neyman’s well-known allocation

π∗
N =

σA
σA + σB

.

Starting with an equal number n0 of allocations of A and B, let σ̂Ai and σ̂Bi

be the current MLEs of σA and σB at step i ≥ 2n0; at the next step, we assign the

treatment A with probability equal to the estimated target:

Pr
(
δi+1 = 1 | δ(i), Y (i)

)
=

σ̂Ai

σ̂Ai + σ̂Bi
.

In the rest of the book, this type of design will be called a Sequential Maximum

Likelihood design. Since

lim
n→∞

1

n

n∑

i=1

Pr
(
δi+1 = 1 | δ(i), Y (i)

)
=

σA
σA + σB

a.s.

then by Theorem 1.3

lim
n→∞

NAn

n
=

σA
σA + σB

a.s.

so the design is asymptotically optimal.

Furthermore, let µ̂An and µ̂Bn denote the MLEs of µA and µB after n steps, then

as n→ ∞

√
n

(
µ̂An − µA

µ̂Bn − µB

)
→d N



(

0
0

)
;


 σ2

A

(
1 + σB

σA

)
0

0 σ2
B

(
1 + σA

σB

)





and also

√
n [(µ̂An − µ̂Bn)− (µA − µB)] →d N

(
0, (σA + σB)

2
)
.

1.9.2 An asymptotically E-optimal design for the binary model

Suppose that the outcomes of the two treatments are binary with probabilities of

success given by pA and pB . Assume we seekE-optimality, i.e., we want to minimize

the maximum variance of the estimators of pA and pB , then the target proportion of

allocations to A is

π∗
E =

pAqA
pAqA + pBqB

.
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If we adopt the Sequential Maximum Likelihood design as in Section 1.9.1, namely

assign at each step treatment A with probability given by the current MLE of the

target

Pr
(
δi+1 = 1 | δ(i), Z(i)

)
=

p̂Ai q̂Ai

p̂Ai q̂Ai + p̂Bi q̂Bi
, ∀i ≥ 2n0,

then

lim
n→∞

NAn

n
=

pAqA
pAqA + pBqB

a.s.

and therefore, as n→ ∞

√
n

(
p̂An − pA
p̂Bn − pB

)
→d N



(

0
0

)
;


 pAqA

(
1 + pBqB

pAqA

)
0

0 pBqB

(
1 + pAqA

pBqB

)



 .

1.10 The class of Markovian designs

We describe a type of adaptive design rules that obey a Markov property (Giovagnoli,

2004), namely either allocation-adaptive designs such that at each step the random-

ized allocation of the next treatment depends only on the most recent treatment allo-

cation:

ℜ (δn+1 | ℑn) = ℜ(δn+1 | δn), ∀n ≥ 1 (1.40)

or response-adaptive designs in which at each step randomization rule depends only

on the most recent treatment allocation and relative outcome:

ℜ(δn+1 | ℑn) = ℜ(δn+1 | δn, Yn), ∀n ≥ 1. (1.41)

We now prove that combined with the conditional independence assumption (1.3),

rule (1.41) guarantees that the sequence of design points of the experiment is a

Markov chain. More precisely, the following holds true:

Lemma 1.2 If (1.3) and (1.41) (or, alternatively, (1.40)) hold true, both the sequence

{(δn, Yn)}n∈N
and the sequence of the design points {δn}n∈N

are Markov chains.

Proof In this proof we only need to consider (1.41), since (1.40) can be regarded as

a special case. From (1.3)

L(δn+1, Yn+1;γ|ℑn) = L(Yn+1;γ | δn+1,ℑn)ℜ(δn+1|ℑn)

= L(Yn+1;γ | δn+1)ℜ(δn+1|ℑn)

= L(Yn+1;γ | δn+1)ℜ(δn+1 | δn, Yn)
= L(δn+1, Yn+1;γ | δn, Yn),

which proves the first statement.
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As to the Markov property for the sequence {δn}n∈N
,

ℜ
(
δn+1 | δ(n)

)
=

∫
L
(
δn+1, Y

(n) | δ(n)
)

where the integration is with respect to the joint distribution of Y (n) given δ(n).
Furthermore

∫
L
(
δn+1, Y

(n) | δ(n)
)

=

∫
ℜ
(
δn+1 | Y (n), δ(n)

)
L
(
Y (n) | δ(n)

)

=

∫
ℜ
(
δn+1 | Y (n), δ(n)

) n∏

i=1

L (Yi | δi)

=

∫
ℜ (δn+1 | Yn, δn)

n∏

i=1

L (Yi | δi)

=

∫
L (δn+1, Yn | δn)

n−1∏

i=1

L (Yi | δi)

= ℜ (δn+1 | δn) .

The definition of the Markov property can be generalized by replacing design points

by design statistics. Assume that for a given design there is a sequence of generating

design statistics
{
Sd
n

}
n∈N

which satisfies the property

ℜ
(
Sd
n+1 | ℑn

)
= ℜ

(
Sd
n+1 | Sd

n, Yn
)
, n ≥ 1, (1.42)

where ℜ(Sd
n+1 | ℑn) clearly denotes the probability distribution of Sd

n+1 given the

past history of the experiment. This property, together with the conditional indepen-

dence of the outcomes (1.3), is sufficient to ensure that
{
Sd
n

}
n∈N

is a Markov chain;

the proof is identical to that of Lemma 1.2.

If the sequence {δn}n∈N
is an irreducible and positive recurrent, Markov chain,

there will exist a stationary distribution ξ. If the chain is also aperiodic, by the Law of

Large Numbers for Markov chains the experiment will converge to ξ. In other words,

the randomization procedure will tend to a target treatment allocation, which can be

described as the asymptotic design. Furthermore, further conditions ensure that often

a Central Limit Theorem holds for the design (Hoel et al., 1972).

1.11 Some examples of Markovian designs

The following examples refer to designs for which either (1.41) or (1.42) holds. They

illustrate the theoretical properties discussed in Sections 1.5 and 1.8. We stress that

the Markovian designs briefly sketched here are introduced only as examples; their

properties are studied at greater depth in Chapters 2 and 3.
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1.11.1 Efron’s coin

Consider two treatments A and B with mean responses µA and µB and equal vari-

ance σ2. As already pointed out, balancing the treatments is often an optimal target;

this target does not depend on the unknown parameters. Efron (1971) has proposed

his by now widely known Biased Coin design (BCD), namely a sequential random-

ized design for comparing two treatments that offers a trade-off between imbalance

and randomness.

Let Dn =
∑n

i=1 δi = NAn − NBn be the difference in assignments between

the two treatment arms after n assignments. The sequence {Dn}n∈N
is a generating

design statistic for the experiment. At each step Efron’s BCD randomizes the next

assignment by means of the hypothetical tossing of a biased coin with probability

p > 1/2 which favours the treatment so far under-represented. Formally

Pr
(
δn+1 = 1 | δ(n)

)
=





p, Dn < 0,

1/2, Dn = 0,

1− p, Dn > 0.

(1.43)

This design is allocation-adaptive, and {Dn}n∈N satisfies the Markov property

(1.42) sinceDn+1 = Dn±1 so that ℜ (Dn+1 | δ1 . . . , δn) = ℜ (Dn+1 | Dn). Hence

{Dn}n∈N is a Markov chain.

The asymptotic behaviour of the BCD is provided by the steady-state properties

of {Dn}n∈N, in particular it can be shown that n−1Dn → 0 almost surely as n tends

to infinity, i.e., the BCD converges to balance almost surely. As regards parametric

inference, the analysis of data obtained by this experiment can be conditioned on

the observed numbers of allocations to the two treatments. If, after n steps, we have

observed nA and nB assignments to the two treatments, then the variances of the

estimators

µ̂An =

∑n
i=1 δiYi
nA

and µ̂Bn =

∑n
i=1(1 − δi)Yi

nB

are the usual ones, namely σ2/nA and σ2/nB , respectively.

Because of the random nature of the design, randomization-based inference is

also possible, and Markaryan and Rosenberger (2010) have obtained exact finite sam-

ple results for this design, but this type of inference is not discussed in this book.

1.11.2 Zelen’s play-the-winner

For binary responses, one of the most popular designs is the so-called Play-the-

Winner (PW) rule (Zelen, 1969), with its roots in bandit problems (see Rosenberger

and Lachin (2002)): a success on a given treatment leads to assigning the same treat-

ment to the next statistical unit, while a failure means switching to the other treat-

ment, whereas the first allocation is determined by tossing a fair coin. Given the

most recent allocation and outcome, at each step the choice of the next assignment is

deterministic and is given by

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
= Pr (δn+1 = 1 | δn, Yn) , n ≥ 1. (1.44)
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It is easy to see that the sequence of probabilities {Pr (δn+1 = 1 | δn, Yn)}n∈N is a

homogeneous Markov chain on the state space {0; 1} with transition matrix

P =

(
pB qB
qA pA

)
.

It is straightforward to check that the stationary law is BernoulliBe (qB/(qA + qB)),
so that from the ergodic theorem for Markov chains

lim
n→∞

1

n

n∑

i=1

Pr (δi+1 = 1 | δi, Yi) =
qB

qA + qB
a.s. (1.45)

and hence condition (1.35) holds true. Then, by Theorem 1.3

lim
n→∞

NAn

n
=

qB
qA + qB

a.s.

The quantity qB/(qA + qB) is commonly referred to as the relative risk of B, and

similarly for A. The outstanding feature of the PW design is that the treatment allo-

cation of A converges to the relative risk of B, and conversely, which implies that in

the long run a majority of units will receive the better treatment and makes the PW

rule an appealing one. We shall deal with this design and its modifications in more

detail in Chapter 4.

The asymptotic distribution of the ML estimators is given by

(√
n[p̂An − pA]√
n[p̂Bn − pB]

)
→d N

( [
0
0

]
;

[
pAqA(1 +

qA
qB

) 0

0 pBqB(1 +
qB
qA

)

])
.

It is useful to stress the different behaviours of the asymptotic variance of estimators

in the allocation-adaptive and response-adaptive cases. In the former (see Section

1.11.1) there is no difference with non-sequential designs, whereas for the response-

adaptive case of this section and of Section 1.9.1, the asymptotic variance of each

treatment estimator does not depend just on the variance of the responses to that

treatment, but also on the variability induced by the design; in particular, there is

an extra variability component related to the variance of the responses to the other

treatment.

1.11.3 An “up-and-down” design

The Up-and-Down designs are examples of randomization rules that depend on the

observed data, but are different from the ones considered so far in that the v treat-

ments are ordered. They will be studied in depth in Chapter 3: here we mention just

a simple case to illustrate the Markov property.

Assume the probability of a positive response in a binary experiment to be a

strictly increasing functionQ(x) of a stimulus x, for instance the level of a potentially

lethal or teratogenous drug. The quantal response curve y = Q(x) is unknown and

a typical statistical problem is the search for a given “quantile” of Q, namely x(Γ) =
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Q−1(Γ), where Q−1(p) = inf{x : Q(x) ≥ p, }, 0 < p < 1. Let D = {d0, . . . , dM}
denote the set of available treatment levels, in increasing order, and assumeQ(d0) =
0, Q(dM ) = 1 and 0 < Q(dk) < 1 for all 0 < k < M . By a slight change

of notation, let Xn denote the treatment level applied at step n and let Yn be the

corresponding observation, taking values 0 or 1. The following decision rule is the

one given by Durham and Flournoy (1994):

Rule DF: choose a starting point X1 in D, at each step n ≥ 1

• conditionally on Xn = dk (k = 0, 1, . . . ,M − 1) and Yn = 0

Xn+1 = dk+1 with probability α = min

{
Γ

1− Γ
, 1

}
(0 < α ≤ 1),

Xn+1 = dk with probability 1− α;

• conditionally on Xn = dk (k = 1, . . . ,M) and Yn = 1

Xn+1 = dk−1 with probability β = min

{
1− Γ

Γ
, 1

}
(0 < β ≤ 1),

Xn+1 = dk with probability 1− β.

Rule DF satisfies the Markov property (1.41) hence the sequence {Xn}n∈N of al-

located treatments created by this rule is a Markov chain − more precisely, it is a

random walk − on the state space D, with transition probabilities

pk = Pr(Xn+1 = dk+1 | Xn = dk) = α(1 −Qk)

qk = Pr(Xn+1 = dk−1 | Xn = dk) = βQk

rk = Pr(Xn+1 = dk | Xn = dk) = 1− pk − qk,

for k = 2, . . .M − 1. Unless α = β = 1, the Markov chain {Xn}n∈N can be shown

to have a stationary distribution ξ = {ξk = ξ(dk) : k = 0, . . . ,M} given by the

equilibrium equations

ξk = ξk−1

(
pk−1

qk

)
k = 1, . . . ,M, (1.46)

ξ0 =

[
1 +

M∑

i=1

i∏

k=1

pk−1

qk

]−1

.

Denoting by Nn(dk) the number of assignments of treatment level dk up to step n,

by the Law of Large Numbers for Markov chains

lim
n→∞

Nn(dk)

n
→ ξk a.s. ∀k = 0, 1, . . . ,M.

So, the asymptotic behaviour of the treatment allocations is described by ξ. Besides,

by the Central Limit Theorem for Markov chains as n→ ∞
√
n

(
Nn(dk)

n
− ξk

)
→d N(0, vk), ∀k = 0, 1, . . . ,M. (1.47)
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In addition, the mode dm of the stationary distribution is such that

dm−1 < x(Γ) ≤ dm+1. (1.48)

Inequalities (1.48) imply that the mode dm of ξ can be used as an approximation of

x(Γ).

1.12 Sequential designs and stopping rules

In all the previous sections we have discussed sequential designs with a predeter-

mined value of n. This is a common feature of most practical implementations, since

it is useful to know the sample size in advance for administrative reasons. The intro-

duction of a rule for stopping is often more efficient, since it may lead to fewer ob-

servations and savings in terms of budget and/or human effort, but obviously makes

the sample size random. Stopping rules play a central role in the theory of sequen-

tial analysis (see Siegmund (1985)), which goes back to Wald’s contributions (Wald,

1947) in the context of statistical quality control for industrial inspection.

A simple example of stopping rule is the classical “inverse sampling”(see Smith

(1982)), namely the experiment goes on until a given random event is observed. This

is implemented in numerous branches of statistics: sampling plans (Haldane, 1945;

Hawkins, 2001), clinical trials (Wei, 1978b; Bandyopadhyay and Biswas, 1997a,b,

2000, 2003), selection procedures (Sobel and Weiss, 1971; Berry and Sobel, 1973),

etc. A particular case is the so-called binomial inverse sampling. Under this scheme

the experiment stops as soon as a fixed number s of successes is observed. An inverse

sampling scheme is also introduced by Tweedie (1957) for normal responses: he

proposes to stop the experiment when the sum of the observations reaches a given

threshold.

In our context of comparative experiments with v ≥ 2 populations (the treatment

arms), the design consists in defining both the sequential allocation rule and the rule

for stopping the experiment. The definition of adaptive design needs to be extended

if we wish to include stopping too. Let 1{Ak} be the indicator function of the event

Ak =“stopping the experiment after assigning a treatment at step k and observing

the data”. The design will be described by Pr (δj1 = 1) for j = 1, . . . , v and the

sequences of probabilities:

{
Pr
(
δj,i+1 = 1 | δ(i), Y (i),1{Ai} = 0

)
, j = 1, . . . , v

}
i≥1

and {
Pr
(
1{Ai} = 1 | δ(i), Y (i)

)}
i≥1

.

Ideally, the same distinction between allocation-adaptive and response-adaptive, dis-

cussed at the end of Section 1.2 for allocation rules, could be made for stopping rules,
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namely the stopping rule could depend on just the past allocations, for instance stop-

ping when each treatment has been assigned at least a given number of times, but in

practice the only rules that are used are the ones that take into account the observed

data.

Here are a few examples of combinations of an adaptive allocation rule and a

stopping rule.

Example 1.2 (Sobel and Weiss (1971)) In a binary response trial for comparing

two treatments, the PW allocation rule can be combined with an inverse sampling

scheme, stopping the experiment when a fixed number of successes are observed

from either of the two treatments. The expected total number of observations can be

calculated.

Example 1.3 (Hoel (1972)) Sobel and Weiss’s procedure can be modified as fol-

lows: the PW allocation rule is combined with a stopping rule, which takes the num-

bers of both successes and failures into account, stopping the experiment when the

number of successes of a treatment added to the failures of the other exceeds a fixed

threshold. This design has good general properties: in particular, excessive sample

sizes are avoided when the success probabilities are small.

These procedures have been further modified by various authors, e.g. Fushimi (1973),

Berry and Sobel (1973), Kiefer and Weiss (1974) and Nordbrock (1976), who have

analyzed the PW allocation in conjunction with more complex stopping rules.

Example 1.4 (Wei and Durham (1978)) The allocation rule is Randomized Play-

the-Winner (RPW) (to be introduced in Chapter 4) and the stopping rule is the one

of Example 1.3.

Example 1.5 (Bandyopadhyay and Biswas (1997a,b, 2000, 2002, 2003)) In a se-

ries of papers, Bandyopadhyay and Biswas suggest that to test for the equality of the

effects of two treatments in binary response trials, one could use the RPW allocation

(Wei, 1978a) and the stopping rule proposed by Sobel and Weiss (1971).

Example 1.6 (Baldi Antognini and Giovagnoli (2005)) The following stopping rule

is suggested for comparative experiments with responses belonging to the exponen-

tial family: stop when the absolute value of the sum of the responses relative to each

treatment Tj reaches a given value rj ∈ R
+

N = inf

{
n ∈ N, s.t.

∣∣∣∣∣

n∑

i=1

δjiYi

∣∣∣∣∣ ≥ rj , (j = 1, . . . , v)

}
. (1.49)

For a binary response trial, rule (1.49) leads to setting a lower threshold for the num-

ber of observed successes of each treatment, which in the case of just one treatment

would be the classical binomial inverse sampling. For normal responses, rule (1.49)

corresponds to the inverse sampling scheme proposed by Tweedie (1957). Combining

the Sequential Maximum Likelihood design (see Chapter 3) with this stopping rule,
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the authors show that the strong consistency and asymptotical normality of the MLEs

still hold approximately.

Stopping at predetermined time periods and carrying out an interim analysis of the

data gathered so far to decide whether to continue or not is often done in clinical

trials, especially when monitoring for futility or adverse events. When testing for

treatment equality, more complex decision rules have been devised that allow the

scientist, at each stage, to either stop, accepting or rejecting the null hypothesis, or

continue the experiment (triangular test). These rules consist in setting boundaries

for a predetermined test statistic so that some error probability requirements are sat-

isfied. There is a rich literature on this topic, starting from Pocock (1977), O’Brien

and Fleming (1979), Whitehead (1997) and Jennison and Turnbull (2000). These

designs, known as group-sequential designs, in general do not consider treatment al-

locations other than equal size randomization. For normal data with known variances,

however, Jennison and Turnbull (2001) showed that response-adaptive randomization

can be incorporated into a general family of group sequential tests without affecting

the error probabilities. Zhu and Hu (2010) study both theoretical properties and fi-

nite sample properties of some designs which combine sequential monitoring with

response-adaptive randomization.

Recently the attention has focussed on stochastic curtailment (stopping the ex-

periment when a particular decision is highly likely given the current data) and in

particular on rules based on conditional power when stopping for futility (Lachin,

2005) in bio-pharmaceutical experiments. In this book we shall not deal with this

topic any further.

1.13 Some practical issues in the implementation of adaptive

designs

Adaptive designs are used in actual practice, especially in clinical and pharmaceu-

tical contexts: a renowned case is the Michigan ECMO trial (Bartlett et al., 1985).

Researchers working for pharmaceutical companies tend to express enthusiastic sup-

port of adaptive designs, but there have been several criticisms too. Korn and Frei-

dlin (2011) address response-adaptive randomization in a two-armed trial in which

the randomization ratio changes during a period of time on the basis of the cur-

rent Bayesian probability that an arm is the better treatment. They use simulations

to investigate whether this adaptive approach is better than the fixed randomization

approach and conclude that the adaptive approach is not superior. Berry (2011), how-

ever, disproves their conclusion.

In any case, suitable implementation of the adaptive design methodology requires

particular attention, even more so when the design rule is based on the observed out-

comes (i.e., for response-adaptive designs and the CARA procedures of Chapter 6).

For a start, adaptive designs are more susceptible to population drifts during a period
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of time, as pointed out by many authors. Also, delayed responses often occur in a real

context. From a mathematical viewpoint there are no difficulties in incorporating a

delay mechanism for the responses into the design adaptation (Hu and Rosenberger,

2006). Indeed, in this case every update of the design (in terms of sequential estima-

tion of the unknown model parameters and/or urn reinforcement, which we introduce

in Chapter 2) will be made only when the responses become available. Thus, the cru-

cial question concerns the amount of collected information during the recruitment

period. Several authors have explored the effects of delayed responses on both i) the

design variability and ii) the statistical efficiency of the usual inferential procedures

(see for instance Bai et al. (2002a), Zhang and Rosenberger (2006), Zhang et al.

(2007a) and Hu et al. (2008)). Roughly speaking, all the asymptotic properties of

such designs still hold provided that the delay mechanism of the outcomes is not

dominant with respect to the subjects entry mechanism, i.e., the incoming informa-

tion cannot be undermined by the delayed responses. For instance, in a clinical trial

if we assume that the subjects entries are iid and follow a uniform distribution in a

given time interval, it is sufficient to assume that the delay process has at least an

exponential decay in order to ensure that the decay cannot be too large with respect

to the enrollment. These results hold asymptotically; however, for small samples de-

layed responses might have a substantial impact. Indeed, as shown by Zhang and

Rosenberger (2006), the variance of the treatment allocation proportions increases as

the average delay grows, but it has a negligible effect in terms of the power when

testing for equality, provided that, during the trial, at least 60% of the responses of

the allocated units are available.

As regards another practical issue, missing data are perhaps less likely to occur

in a sequential experiment which in general is monitored very closely, but the ex-

istence of this problem must be acknowledged. There are many popular statistical

techniques to handle missing values in the literature which have been proposed and

analyzed in the context of fixed sample designs (see for instance Little and Rubin

(2002) and Molenberghs and Kenward (2007)). Understanding the reasons why data

are missing helps in analyzing the remaining data. If values are missing at random,

the data sample may still be representative of the population, but if the values are

missing systematically, the analysis is harder. To our knowledge, a clear investiga-

tion of the effect of missing data on response-adaptive procedures as well as on the

corresponding inference is still an open problem to this date.

1.14 Simulating adaptive designs

We would like to end this chapter with some personal comments on computer exper-

iments.

Simulating physical experiments by means of a computer program for the pur-

pose of acquiring information that is either impossible, or too long, or too expensive

to obtain from a real-life experiment has become a more and more widespread ac-
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tivity since computers have come into common use. Thanks also to the advent of

new powerful software, this type of simulation is taking place and indeed is recom-

mended in clinical trials too (Kimko and Duffull, 2003; Taylor and Bosch, 1990;

Holford et al., 2010); for an introduction see Krause (2010). In the context of this

book, however, we wish to focus on a different type of simulation studies, whose

purpose is to evaluate the performance of one or more particular adaptive designs,

possibly with a mind to choosing one of them before performing the experiment.

Simulation-based approaches are also resorted to in order to study the power of a test

or the behaviour of some estimators, especially in finite samples.

In principle, computer simulation is a formidable tool to investigate the properties

of adaptive designs. Simulation studies are meta-experiments, namely experiments

(done on the computer) to observe the stochastic behaviour of a designed experiment.

The simulation usually consists in running the computer experiment according to

the chosen design, mimicking the random behaviour of “nature” by means of the

statistical model, after choosing some suitable values of the parameters as the “true”

values, and also mimicking the randomization mechanism, if present in the design.

Some computer experiments are of a confirmatory nature: they are performed

to show that a given experimental design behaves as predicted by the theory. They

serve an illustrative and didactic purpose. However, most simulations are genuinely

exploratory: they are intended to investigate some unknown features of the design.

By repeating the computer experiment a large numberN of times, the stochastic dis-

tribution of the design is observed empirically and the performance characteristics

of interest, which are in general means or variances of chosen indicators or the fre-

quency behaviour of the test statistic, and thus are functions of this empirical distri-

bution, are calculated numerically. Well known foundational controversies pertaining

to the meaning of repeated experiments lose their raison d’être in this set-up, and the

frequentist philosophy gains a new momentum. More specifically, simulations are

usually carried out in the adaptive design context in order to

a) investigate some convergence properties, e.g., see whether in the long run

the design approaches a predefined target, and how fast;

b) compare two or more different designs with respect to some measure of

their performance. This may refer to the asymptotic behaviour or, more

frequently, to the small sample one, which is more difficult to establish

on a theoretical basis.

Since a simulation study is a meta-experiment, one would expect the statistical design

community to have devoted more attention to the design of simulation projects. So

far, however, this research area is still in its early days, and statisticians do not seem

to have capitalized on statistical design ideas for making their simulations as effec-

tive and informative as possible. Statements of the type: “Our simulations show...”

without any further details are not unusual, while a scientific report stating “An ex-

periment of ours shows... ” , with no description of the real-life experiment itself,

would be unacceptable.

The particular issue of choosing the “true” values of the unknown parameters

may prove really crucial. In simulating allocation-adaptive designs, we do not always
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have to choose parameters values, as some measures of performance like lack of

balance, loss, and selection bias depend on the design alone, not on the responses.

However, even for allocation-adaptive designs, in order to assess inferential features

like the power and the variances of the estimators we need to simulate the behaviour

of the responses too. This is always the case when the designs are response-adaptive.

Three common ways of choosing the values of the unknown parameters are

a) best guesses;

b) estimates from real data available in the literature, especially when the

design in question is a “re-design” of a well-known real life experiment

(see e.g. Atkinson and Biswas (2014));

c) values that form a grid covering the whole parameter space.

Method b), although more sensible than a), may lead to wrong conclusions, as we

shall discuss in Section 4.2.3 about the RPW rule with two treatments; indeed, the

asymptotic properties of the RPW design in terms of both the rate of convergence and

the asymptotic distribution depend on the values of the treatment effects, and there-

fore it would be reckless to draw conclusions from simulations based on method b).

Method c) seems safer, although as we know from the theory of physical experimen-

tal designs, it may be far from ideal.

Apart from the possibility of being misleading, the main problem with adaptive

design simulations is that they are often inconclusive, as one can apperceive in the

book by Atkinson and Biswas (2014), where comparisons via simulations play a

major part.





2

Randomization procedures that are functions
of the past allocations

2.1 Introduction

This chapter is about adaptive allocation rules which depend on the past history of

the experiment only through the sequence of previous treatment assignments. They

have the advantage that the whole experiment can be designed in advance, before

collecting the responses, and inference may be conditional on the design. Sequential

procedures where the choice of the next design point is made on the basis of the previ-

ous points are, for instance, the Wynn−Fedorov designs for the linear model (Wynn,

1972; Fedorov, 1972), which at each step add design points where the variance of

the predicted response is highest so as to converge to D-optimality. For instance in

the case of a homoscedastic linear model for estimating v treatments, at each step

the Wynn−Fedorov algorithm would choose to observe the under-represented treat-

ment, with no preference in case of a tie. However, the Wynn−Fedorov designs are

deterministic, whereas in this book we are concerned with randomized assignments.

Another important issue is balance: in a large number of comparative experiments

the researchers would like to achieve a balanced or near balanced allocation among

the treatments. Balance is often related to inferential optimality (see Appendix A).

However, it is fairly intuitive that balance and randomness are conflicting demands,

as we show in Section 2.2.

The main topic of the present Chapter is allocation-adaptive designs intended

to achieve some balance and maintain a good degree of randomness in the assign-

ments. It is not surprising that these designs have been studied mainly in the context

of randomized clinical trials (see for instance Berger et al. (2003) and Sverdlov and

Rosenberger (2013b)). The requirement of a suitable trade-off between inferential

optimality and unpredictability is particularly cogent for Phase III trials, where pa-

tients are enrolled sequentially and the total sample size is often a priori unknown, so

that keeping a reasonable degree of balance at each step, while maintaining a good

degree of overall randomness, could be crucial to allow the experiment to be stopped

at any time in a good inferential setting. The Handbook of Adaptive Designs in Phar-

maceutical and Clinical Development devotes a chapter (Biswas and Bhattacharya,

2011) to such allocation rules.

In order to compare different designs, the need has arisen to find ways of mea-

suring the degree of randomness and the degree of imbalance of an allocation rule.

29
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Section 2.3 deals with indicators of imbalance and predictability suggested in the

literature.

Fundamental randomization devices that guarantee a suitable amount of random-

ness in the treatment allocation process while driving the assignments towards bal-

ance are the ones that have stemmed from the pioneering work of Efron (1971) and

Wei (1978b), namely the biased coin designs on the one hand and the urn designs

on the other (see Atkinson (1982), Chen (1999, 2000), Smith (1984a,b), Soares and

Wu (1983), Wei (1978a)). Both names − biased coin and urn designs − originate

from traditional ways of describing the allocation mechanisms. Efron’s Biased Coin

(BCD), already mentioned in Chapter 1, and its developments were born for com-

paring just two treatments: at each step the treatments are assigned according to the

toss of a biased coin that favours the under-represented one with a probability linked

to the current imbalance. In the urn designs, at every step the treatment allocation is

randomized by selecting a ball at random from an urn containing a given number of

balls of several types, one for each available treatment: when a ball of a given type

is drawn, the corresponding treatment gets assigned. The evolution of the urn is gov-

erned by the so-called addition rule, which specifies i) whether the chosen ball will

be replaced in the urn or not and ii) how many balls of each type will be added, if any,

to the urn. The initial urn composition together with the addition rule are the crucial

ingredients which determine the evolution of the urn process and of the design it-

self. Clearly, nowadays these randomization methods are no longer implemented by

physical urns or coins, but rather by a computer programme. Thus there is no longer

the restriction, say, of adding (or subtracting) an integer number of balls.

Section 2.4 of this chapter is about biased coin designs. They fall into two large

classes: the Adaptive BCD suggested by Wei (1978a) and the Adjustable BCD pro-

posed by Baldi Antognini and Giovagnoli (2004). Section 2.5 deals with urn designs

which are allocation-adaptive, such as the Generalized Friedman’s Urn (GFU), some-

times referred to as the Generalized Pólya Urn, the Ehrenfest Design (ED) and some

of their extensions. In this chapter we restrict the presentation to designs with just

v = 2 treatments, but in several cases the definitions and results can be extended to

more than two. A much more thorough account of urn designs is given in Hu and

Rosenberger (2006); in this chapter we only present the main ideas: the topic will be

further developed in the next chapters of the book in the context of response-adaptive

designs.

2.2 Randomization and balance as conflicting demands

From a statistical perspective, a fundamental aim of a design is to optimize inference

about the treatments. As mentioned in Appendix A, if the inferential goal is estima-

tion of the treatment effects, under the linear model assumptions the balanced design

is universally optimal, i.e., it minimizes all convex optimality criteria. Balancing

the allocations of the treatment arms is also optimal under several criteria related to
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testing. Balance is also desirable for more general statistical models. In fact, it is

always D-optimal for responses belonging to the exponential family (see Remark

1.1in Chapter 1). Moreover, a balanced design may be close to beingA-optimal even

for binary responses (see Section 1.7 in Chapter 1).

Let there be two treatments A and B and suppose we have chosen a sequen-

tial randomization rule Pr(δn+1 = 1 | δ1 . . . , δn). Consider the stochastic process

{Dn}n∈N, where Dn = NAn − NBn, whose probabilistic structure and properties

will depend on the adopted allocation rule. As mentioned in Section 1.11.1, the se-

quence {Dn}n∈N is easily seen to be a generating statistic sequence for the design

and for all n ∈ N

Pr(Dn = k) > 0 iff |k| ≤ n where n and k have the same parity.

Ideally, the behaviour of {Dn}n∈N should be close to 0 at each step, in order

to guarantee near-balance for any sample size, but if the drive towards balance is

stronger, then the random component in the allocations will be smaller, and vice

versa. In order to construct a sequential design which is perfectly balanced at each

step, the treatment allocations need to be partially or completely deterministic. For

instance, the design that assigns treatment A at each odd number of steps and B in

the remaining cases, namely

δn =

{
1 n = 2k − 1

0 n = 2k
(2.1)

generates the following sequence of assignments (AB)(AB)(AB)(AB) . . . Obvi-

ously this procedure is perfectly balanced at each stage, since |Dn| = 0 or |Dn| = 1
if n is even or odd, respectively, but the entire sequence of assignments is deter-

ministic and so completely predictable. A design which gets often recommended is

the Permuted Block Design of size 2 (PBD2): every odd allocation is randomized

with probability 1/2 to either treatment, while the next assignment is made determin-

istically to the under-represented treatment, so that balance is guaranteed for each

pair of subjects. Under this choice δ1, δ3, δ5, . . . are iid Bernoulli random variables

Be(1/2) and δ2 = 1− δ1, δ4 = 1− δ3, δ6 = 1− δ5, . . ., which generates sequences

of assignments of the type (AB)(BA)(AB)(AB) . . .. Thus at each step PBD2 is

perfectly balanced, i.e., |Dn| ≤ 1 for every n, but now only 50% of the assignments

are deterministic. Clearly, the size of the blocks could be chosen to be greater than

2, by considering a randomization sequence of 4, 8 or 10 units; but for any chosen

block size s, PBDs ensures balance only when the sample size is a multiple of s, not

otherwise, and the deterministic component in the allocation process could be very

relevant (see for instance Efron (1971), Rosenberger and Lachin (2002), Bailey and

Nelson (2003), Salama et al. (2008), Zhao and Weng (2011b)).

On the other side, the completely randomized design CR assigns either treatment

to each statistical unit with probability 1/2, independently of the previous allocations.

Under CR, {δn}n≥1 is a sequence of iid Bernoulli random variablesBe(1/2) so that,

from the Strong Law of Large Numbers

lim
n→∞

n−1Dn = 0 a.s.
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CR may be seen as an ideal trade-off between optimality and randomness, since

the design is completely unpredictable at each step and the relative imbalance van-

ishes asymptotically. However, from the Central Limit Theorem for iid random vari-

ables, as n tends to infinity

n−1/2Dn →d Z ,

where Z is a standard normal variable. Therefore the rate of convergence towards

balance is slow and for small samples CR may generate large departures from balance

which may induce a substantial loss of precision (Cumberland and Royall, 1988).

Again, this shows the clash between randomization and balance.

For both CR and PBD2, the Markov condition (1.42) is satisfied by process

{Dn}n∈N. More specifically,

• under design PBD2, {Dn}n∈N takes values in {−1; 0; 1} and is a symmetric ran-

dom walk with completely reflecting barriers at 1 and −1; the stationary distribu-

tion puts probability 0.25, 0.5 and 0.25, respectively, at the support points;

• under the CR design, {Dn}n∈N is a symmetric random walk on the integers;

the support of Dn diverges as n increases and there does not exist a stationary

distribution.

Most of the designs that we present in this chapter will also be Markovian and lie

between these two “extreme” cases, namely PBD2and CR.

2.3 Indicators of balance and randomness

In order to compare different sequential designs with respect to their degrees of bal-

ance and randomization, several measures of imbalance and of lack of randomness

have been introduced (see for instance Burman (1996), Chen (1999), Zhao and Weng

(2011a), Zhao et al. (2012)). Some refer to the behaviour of the design at step n, for

each n, others take into account the average behaviour in the first n steps. Because

the design is random, so are the measures involved and a common approach is to use

their expectations as the indicators of interest. The comparison of designs usually

takes place by means of a graphical display of the respective values of the indicators

as n varies, as in Atkinson (2014).

2.3.1 Measures of imbalance

The treatment imbalance of a sequential design at step n is |Dn|, and all the measures

of the degree of imbalance are some transformation of the random quantity |Dn|. The

imbalance performance of a design is evaluated by considering the expected value of

such transformation with respect to its distribution. For a start, natural indicators of

imbalance at step n are E[|Dn|] and E[D2
n]. Other instances are (Zhao et al., 2012):
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a) the probability of achieving exact balance at step n > 1, Pr(|Dn = 0|),

b) the standard deviation of the imbalance |Dn| at the end of the trial,

c) the maximum absolute imbalance in the entire sequence, max{1≤i≤n} |Di|.

If the allocation rule treats A and B symmetrically, then

Pr(Dn = k) = Pr(Dn = −k), for all k ∈ Z

and thus

E[Dn] = 0, for all n ∈ N (2.2)

so that V ar[Dn] = E[D2
n] and the standard deviation of the treatment imbalance at

step n is
√
E[D2

n] .

Measures of average imbalance are n−1
∑n

i=1E[|Di|] (see Chen (1999)) and

1

n

n∑

i=1

E[D2
i ] =

1

n

n∑

i=1

V ar[Di].

Example 2.1 For deterministic designs like ABABA . . . and PDB2 the imbalance

is

E[|Dn|] = V ar[Dn] =

{
0, n even

1, n odd
,

so that the average imbalance is

1

n

n∑

i=1

E[|Di|] =
1

n

n∑

i=1

V ar[Dn] =

{
1
2 , n even
1
2 + 1

2n , n odd
.

Thus, both procedures are perfectly balanced.

For the completely randomized design

V ar[Dn] = n and
1

n

n∑

i=1

V ar[Di] =
n+ 1

2
,

which clearly diverge asymptotically. The indicatorsE[|Dn|] and n−1
∑n

i=1 E[|Di|]
can be derived with tedious calculations and similarly shown to diverge.

There are other indicators of imbalance which take into account the sample size ex-

plicitly. For instance, under a linear homoscedastic model for the responses, balance

is optimal, so that optimality criteria, which are measures of the lack of inferential

precision, and their expectations, can also be regarded as indirect imbalance mea-

sures (after a suitable standardization, if necessary).

Example 2.2 Adopting the linear homoscedastic model

E[Yi] = δiµA + (1− δi)µB , V ar[Yi] = σ2 i ≥ 1, (2.3)
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after n assignments the conditional variance-covariance matrix of the OLS parame-

ter estimators µ̂An and µ̂Bn is

V(µ̂A, µ̂B) =
σ2

n

(
π−1
n 0
0 (1− πn)

−1

)
=

2σ2

n

(
1 + Dn

n 0
0 1− Dn

n

)−1

,

where for a given random vector u we write V ar[u] = V(u). If interest is in the

joint estimation of (µA, µB), the D-optimality criterion is usually applied and the

goal consists in minimizing

detV(µ̂A, µ̂B) =
σ4

n2πn(1 − πn)
=

4σ4

n2
[
1−

(
Dn

n

)2] ; (2.4)

whereas, when the aim is to estimate the difference µA − µB , we shall apply the

so-called A-optimality and minimize

trV[µ̂A, µ̂B] = V ar(µ̂A − µ̂B) =
σ2

n

(
1

πn
+

1

1− πn

)
=

4σ2

n−
(

Dn√
n

)2 . (2.5)

A very common problem is testing the hypothesis H0 : µA = µB versus H1 : µA >
µB . Allowing for simplicity σ2 = 1 (the case of unknown common variance is anal-

ogous (Baldi Antognini, 2008)), the power of the usual z-test of level α is

Φ


µA − µB

2

√

n−
(
Dn√
n

)2

− zα


 , µA − µB > 0, (2.6)

where Φ(z) denotes the cumulative distribution function (cdf) of the standard normal

and zα the α-percentile of Φ. Thus, for any sample size n the power is a decreasing

function of |Dn| and is maximized when the treatment groups are balanced. The

efficiency of a design aftern steps with respect to bothD-optimality andA-optimality

is given by 



1− D2
n

n2 , n even

n2−D2
n

n2−1 , n odd

(2.7)

and the expected loss of efficiency becomes





E
[(

Dn

n

)2]
, n even

E
[
D2

n−1
n2−1

]
, n odd.

(2.8)

Clearly, the quantities (2.8) are imbalance indicators at step n.

Within the framework of the linear model, and inspired by expressions (2.4) and

(2.5), Burman (1996) defines the loss of precision induced by lack of balance at step
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n as Ln = n−1D2
n, which varies in [0;n]. The loss Ln can be interpreted as the

equivalent of the number of statistical units on which information is lost due to lack

of optimality of the design. Its expectation is

L̃n = E [Ln] = E

[(
Dn√
n

)2
]
. (2.9)

The choice of L̃n for measuring the lack of balance of randomized rules is a popu-

lar one. Atkinson has made intensive simulation studies (see for instance Atkinson

(2002)) for comparing several designs in terms of L̃n. At first sight, (2.9) does not

seem a very sensible indicator: the number of lost subjects should be evaluated in

relation to n, e.g., by taking into account the expected percentage of lost units

E

[
1

n

(
Dn√
n

)2
]
,

but in this case we are driven back to indicator (2.8).

2.3.2 Measures of lack of randomness

There are several ways of measuring allocation randomness or lack thereof. An in-

dicator of lack of randomness measures how far a given allocation rule is from com-

plete randomization, in which at each step the two treatments are allocated with equal

probability 1/2, and/or from determinist assignments. A possible measure, originally

introduced by Klotz (1978), is the entropy of treatment assignment at step n,

−pn log2 pn − (1− pn) log2(1− pn),

where we let pn = Pr
(
δn = 1 | δ(n−1)

)
for short. This tends to zero when the al-

location is deterministic and is maximized to 1 when pn = 0.5. The probability of

deterministic assignments has also been used by some authors (Matts and Lachin,

1988; Berger, 2006).

However, the most popular indicator is a measure of the predictability of the

treatment allocations, i.e., the possibility for the experimenter to partially guess the

sequence of assignments. Blackwell and Hodges (1957) suggest to measure the de-

gree of predictability of the next step as the probability of a correct guess when the

investigator uses an optimal guessing strategy. For designs that assign more proba-

bility to the under-represented treatment, this consists of picking the treatment that

has been observed fewer times, without preference in case of a tie. The probabil-

ity of correctly guessing step k conditional on the first k − 1 steps will be denoted

as Pr
(
Jk = 1 | δ(k−1)

)
, where Jk = 1 indicates that the k-th assignment is guessed

correctly and Jk = 0 otherwise. The predictability of the design at step k is measured

by

Pr(Jk = 1) = E
[
Pr
(
Jk = 1 | δ(k−1)

)]
, k = 1, . . . , n.
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The average predictability after n steps has become known in clinical trials as the

selection bias SBn, which is described by the expected percentage of correct guesses

up to step n:

SBn = E

(
1

n

n∑

k=1

Jk

)
=

1

n

n∑

k=1

Pr(Jk = 1). (2.10)

Example 2.3 For the completely randomized design any strategy is useless, so that

at each step k ≥ 1 Pr(Jk = 1) = 1/2 and therefore SBn = 1/2 for all n, which is

the optimal value. Whereas, assuming the Permuted Block Design of size 2

Pr(Jk = 1) =

{
1, k even,
1
2 , k odd,

and thus

SBn =

{
3
4 , n even,
3
4 − 1

4n , n odd.

Clearly, if the design is completely deterministic then Pr(Jn = 1) = SBn = 1 for

every n.

Since for any chosen procedure 1/2 ≤ SBn ≤ 1 for every n, Smith (1984a) has

suggested to measure the lack of randomness by the difference between the expected

percentage of correct guesses and that of incorrect ones:

S̃Bn =
1

n

n∑

k=1

Pr(Jk = 1)− 1

n

n∑

k=1

Pr(Jk = 0) = 2SBn − 1 , (2.11)

which has the advantage of going from 0 to 1.

2.3.3 Some critical remarks

We end this section making some comments on the proposals we have seen so far.

Remark 2.1 Both indicators (2.10) and (2.11) have the drawback that at the first

stage

Pr(J1 = 1) =
1

2
⇒ SB1 =

1

2
and S̃B1 = 0,

for any design, since the concept of optimal guessing strategy is useless for the in-

formation collected up to step 0, i.e., in absence of information. Furthermore, the

probability of correctly guessing the allocation at stage n depends on the informa-

tion accrued up to step n− 1 only through the actual imbalanceDn−1, namely

Pr(Jn = 1) = E[Pr(Jn = 1 | Dn−1)],

since the optimal strategy consists in picking the under-represented treatment. Thus,

in order to avoid i) improper applications of the guessing strategy, and ii) a shifted
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time of one step between the evolution of the indicator and that of the design, a

suitable correction of the predictability measure at step k ≥ 1 would be to base it on

the probability Pr(Jk+1 = 1) of guessing correctly the (k + 1)th allocation, and to

define the selection bias indicator as:

SB∗
n =

1

n

n+1∑

k=2

Pr(Jk = 1). (2.12)

Clearly the difference between SBn and SB∗
n is small for large n, but it does matter

in finite sample comparisons.

Remark 2.2 If the aim is to evaluate the performances of a design over the whole

range of sample sizes, indicators like V ar[Dn] or E[|Dn|] (up to re-scaling) might

be unsuitable, if calculated only for a given sample size n. One should consider

the entire sequence {E[|Dn|]}n∈N or {V ar[Dn]}n∈N. On the other hand, if the

design is to be analyzed only for a given n, the measures of average imbalance

n−1
∑n

i=1 E[|Di|] or n−1
∑n

i=1 V ar[Di] would be preferable. Commonly used indi-

cators of imbalance and randomness like L̃n (2.9) and SBn (2.10) (or, alternatively,

(2.11)) are not homogeneous measures. Indeed, V ar[Dn] is a local measure of im-

balance at step n, while (2.10) is a measure of non-randomness averaged over the

first n steps. To evaluate the performance of a design, it is better to match indicators

of the same type, e.g.

L̃n and Pr(Jn+1 = 1)

or

n−1
∑n

i=1 V ar[Di] and SB∗
n .

Lastly, it is very hard to derive closed form expressions for measures of imbal-

ance and randomness, due to the generally complex probabilistic structure of the

design distribution. An exception is Efron’s BCD, for which exact results are avail-

able (Markaryan and Rosenberger, 2010). This justifies why in general the behaviour

of the above indicators is studied just for large samples, on the basis of asymptotic

properties of {Dn}n∈N and {|Dn|}n∈N. It is common for authors to evaluate finite

sample properties almost exclusively through simulations.

2.4 Classic biased coin designs

After discussing properties of balance and randomness in allocation-adaptive designs

from a general point of view, we now proceed to present the designs that have been

suggested in the statistical literature, starting from the Biased Coin Design.
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2.4.1 The Biased Coin Design

A “biased coin” is a well-known randomization technique that helps neutralize se-

lection bias in sequential experiment for treatment comparison, while keeping the

experiment fairly balanced even for all sample sizes. In the original version proposed

by Efron (1971), which has already been defined in Chapter 1 and is referred to as

the BCD or BCD(p), the allocation of the under-represented treatment is favoured at

each step with a prefixed probability p ∈ [1/2; 1], namely

Pr
(
δn+1 = 1 | δ(n)

)
=





p Dn < 0
1
2 Dn = 0 , n ≥ 1.

1− p Dn > 0

(2.13)

Therefore, at every step the allocation probabilities depend on the sign of the current

imbalance, but not on its magnitude. Furthermore, the bias parameter p that controls

the degree of randomness is fixed in advance and does not depend on the accrued

information, nor on the sample size n. The BCD(p) can be thought to range between

CR, the completely randomized design (p = 1/2) and PBD2, the Permuted Block

Design (p = 1). In order to obtain a valid trade-off between balance and predictability

Efron suggests to set p = 2/3.

It is easy to show (see Chapter 1) that this is a Markovian design. More pre-

cisely, the generating sequence of statistics {Dn}n∈N is an ergodic (i.e. irreducible

and positive recurrent) Markov chain. The asymptotic behaviour of the BCD is pro-

vided by the steady-state properties of {Dn}n∈N, in particular it can be shown that

n−1Dn → 0 almost surely as n tends to infinity.

Several extensions of Efron’s BCD have been proposed in the literature, all of

them fall into two large families: the Adaptive Biased Coin Designs (Wei, 1978a)

and the Adjustable Biased Coin Designs (Baldi Antognini and Giovagnoli, 2004).

2.4.2 The Adjustable Biased Coin Design

Baldi Antognini and Giovagnoli (2004) introduced the Adjustable Biased Coin De-

sign (ABCD), which is an extension of Efron’s coin where at each step the probability

of selecting the under-represented treatment is a decreasing function of the current

difference between the two treatment arms, so that the tendency towards balance is

stronger the more we move away from it.

The ABCD is defined by letting

Pr
(
δn+1 = 1 | δ(n)

)
= F (Dn) , n ≥ 1, (2.14)

where F (·) : R → [0, 1] is a non-increasing function such that

F (−x) = 1− F (x) for all x ∈ R . (2.15)
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Special cases:

• Efron’s BCD(p) is clearly a special case of the ABCD with step function

F (x) =
1

2
+ sgn (x)

(
1

2
− p

)
; (2.16)

• F (x) = 1/2 for all x gives the CR, while PBD2 is given by:

F (x) =





1 x ≤ −1
1
2 x = 0

0 x ≥ 1;

(2.17)

• the BCD With Imbalance Tolerance suggested by Chen (1999)

F (x) =





1 x = −b
p −b+ 1 ≤ x ≤ −1
1
2 x = 0

1− p 1 ≤ x ≤ b− 1

0 x = b

(2.18)

where b is a positive integer representing the maximum imbalance tolerated by the

investigators;

• the Big Stick Design proposed by Soares and Wu (1983):

F (x) =





1 x = −b
1
2 −b+ 1 ≤ x ≤ b− 1

0 x = b

(2.19)

namely a special case of (2.18) with p = 1/2;

• the Ehrenfest Design (Chen, 2000), that will be further described in Section 2.5:

F (x) =





1 x < −w
2

1
2 − x

w −w
2 ≤ x ≤ w

2 ,

0 x > w
2

(2.20)

where w is a positive parameter that plays the same role as b in (2.18 ) and (2.19).

Rules (2.18), (2.19) and (2.20) are not fully randomized, since the thresholds b and

w restrict the support of the process {|Dn|}n∈N by introducing reflecting barriers,

which makes some allocations deterministic.

In order to introduce a fully randomized procedure that combines optimal bal-

ancing property with a good degree of randomness, Baldi Antognini and Giovagnoli
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(2004) have suggested the designs constructed according to the following class of

functions, to be denoted by ABCD[F (a)]:

Fa(x) =
1

xa + 1
, for all x ≥ 1; (2.21)

the non-negative parameter a controls the degree of randomness: a = 0 gives CR

and the design becomes more deterministic as a increases. The rationale behind this

choice is to treat the case |Dn| ≤ 1 as a perfectly balanced design, and to redress the

balance only when |Dn| ≥ 2.

Figure 2.1 shows the allocation probabilities to treatment A for Efron’s

BCD(2/3) and ABCD[F (a)] with a = 1, 1/2, 1/4 and 1/40 as Dn varies. Due

to the symmetric property of these allocation rules the plot deals only with positive

values of the imbalance.
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FIGURE 2.1: Allocation probabilities to the under-represented treatment for Efron’s

BCD(2/3) (solid black) and ABCD[F (a)] with a = 1 (dotted), 1/2 (dashed), 1/4
(H) and 1/40 (•), as Dn > 0 varies.

For instance, if the observed imbalance is Dn = 4, ABCD[F (1)] assigns the

under-represented treatment, i.e., treatment B, to the next subject with probability

0.8, while ABCD[F (1/2)] and Efron’s coin favour B in the same way, with proba-

bility 2/3; essentially, ABCD[F (1/40)] corresponds to CR.

Ergodic random walks are the probabilistic structure underlying the ABCD. In-

deed, for any choice of the function F (·), and in particular for Efron’s BCD(p), the

Markov chain {Dn}n∈N is a time-homogeneous random walk with transition proba-

bilities

Pr (Dn+1 = j | Dn = i) =

{
F (i) j = i+ 1

F (−i) j = i− 1
for all i ∈ Z. (2.22)

This chain is irreducible, time-reversible and periodic, with period 2 and, unlessF (·)
is constant (i.e., the design is CR), the chain is ergodic, so the stationary distribution
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ξ exists and is given by the equilibrium equations (Hoel et al., 1972):

ξ(h) = ξ(h− 1)λh ∀h ∈ Z

ξ(0) =

[
1 +

∞∑

s=1

s∏

h=1

λh +
∞∑

s=1

s∏

h=1

λ−1
1−h

]−1

,
(2.23)

where λh = F (h− 1)/F (−h) for all h ∈ Z. Unless the design is CR, the sequence

{λh}h∈Z is non-increasing with λh = λ−1
1−h for all h, so the stationary distribution ξ

in (2.23) is unimodal and symmetric with

ξ(h) = ξ(−h), for all h ∈ Z

and 0 represents both the expectation and the mode of ξ with

ξ(0) =

[
1 + 2

∞∑

s=1

s∏

h=1

λh

]−1

. (2.24)

Clearly, from (2.22) it is easy to show that {|Dn|}n∈N is a homogeneous random

walk on the non-negative integers, starting at 0, with

Pr (|Dn+1| = j | |Dn| = i) =

{
F (i) j = i+ 1

F (−i) j = i− 1
, for all i ≥ 1 (2.25)

and boundary condition Pr (|Dn+1| = 1 | |Dn| = 0) = 1. This chain is periodic and

ergodic, with stationary law ξ+ given by

ξ+(0) = ξ(0) and ξ+(h) = 2ξ(h) ∀h ≥ 1 . (2.26)

Due to the ergodic property, a direct consequence is that, as n tends to infinity,

n−νDn → 0 in probability for all ν > 0,

and therefore, due to Slutsky’s theorem,

lim
n→∞

Ln = lim
n→∞

(
Dn√
n

)2

= 0 in probability,

so that

lim
n→∞

L̃n = lim
n→∞

E[Ln] = 0.

Lastly, we point out that the performance of the ABCD can be assessed for small

samples too and not only asymptotically (Baldi Antognini and Giovagnoli, 2004).
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2.4.3 Wei’s Adaptive Biased Coin Design, Atkinson’s DA-optimum

BCD and Smith’s Generalized BCD

Since the loss of inferential efficiency induced by a given amount of imbalance de-

creases as the sample size grows, some authors have introduced extensions of Efron’s

BCD that take into account the relative imbalance, namely n−1Dn.

In particular, let f : [−1, 1] → [0, 1] be a continuous and non-increasing function

such that f(−x) = 1− f(x) for any x ∈ [−1; 1]. Wei (1978a) defines the Adaptive

Biased Coin Design by letting:

Pr
(
δn+1 = 1 | δ(n)

)
= f

(
Dn

n

)
, n ≥ 1, (2.27)

so that the assignment of the under-represented treatment is favoured increasingly as

n−1|Dn| grows.

This is a vast class of procedures based on the probabilistic structure of non-

homogeneous Markov chains, whose asymptotic properties have been analyzed in

depth. In particular, Wei (1978a) and Smith (1984b) have shown that

lim
n→∞

n−1Dn = 0 a.s. (2.28)

Moreover, due to the continuity of the allocation function f(·), a trivial consequence

of (2.28) is that

lim
n→∞

f

(
Dn

n

)
=

1

2
a.s.

Thus, asymptotically, the Adaptive BCD corresponds to CR and tends to be unpre-

dictable, namely

lim
n→∞

SBn =
1

2
and lim

n→∞
S̃Bn = 0. (2.29)

However, the speed of convergence to balance is very slow and the Markov chain

{|Dn|}n∈N diverges as the sample size increases. Indeed, assuming f(·) differen-

tiable at 0, n−1/2Dn is asymptotically normal with

n−1/2Dn →d N

(
0;

1

1− 4f ′(0)

)
, (2.30)

and therefore:

• the rate of convergence to balance is the same as for the CR, namely of order

n−1/2;

• since f(·) is non-increasing, then f ′(0) ≤ 0; thus, the asymptotic variance of the

Adaptive BCD is lower than that of CR (which is equal to 1).

A trivial consequence of (2.30) is that

n−1[1− 4f ′(0)]D2
n →d χ2

1 , (2.31)
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where χ2
1 is a chi-squared random variable with 1 degree of freedom; thus,

Ln →d [1− 4f ′(0)]−1χ2
1,

and

lim
n→∞

L̃n =
1

1− 4f ′(0)
,

since Ln is uniformly integrable; furthermore

lim
n→∞

E[|Dn|] = ∞ and lim
n→∞

V ar[Dn] = ∞. (2.32)

This is the price that has to be paid in order for the design to become asymptotically

as unpredictable as an unbiased coin.

Within this class, a particularly interesting allocation rule is

f

(
Dn

n

)
=

[
1−

(
Dn

n

)]2
[
1−

(
Dn

n

)]2
+
[
1 +

(
Dn

n

)]2 =
N2

Bn

N2
An +N2

Bn

, (2.33)

introduced by Atkinson (1982) under the name ofDA-optimum Biased Coin Design.

It is inspired by the Wynn−Fedorov sequential construction mentioned in Section

2.1: at step n the allocation probability of treatment j = A,B is proportional to

the variance of the predicted difference if we were to allocate that treatment (see

Appendix A); Atkinson’s design has the advantage of allowing the introduction of

covariates (see Chapter 6). Smith (1984a,b) generalized rule (2.33) by letting a non-

negative parameter t take the place of the power 2 and obtained the following class

of designs:

ft

(
Dn

n

)
=

N t
Bn

N t
An +N t

Bn

, (2.34)

sometimes referred to as the Generalized Biased Coin Design (GBCD). The param-

eter t controls the degree of randomness: the deterministic component in the design

increases as t grows. Special cases are:

• the Completely Randomized design CR (t = 0);

• the Generalized Friedman’s Urn design (GFU) suggested by Wei (1978b) (t = 1),

that will be discussed in Section 2.5.1;

• PBD2 (as t → ∞).

Figure 2.2 illustrates the behaviour of GBCD(t) as t varies.

Remark 2.3 Under rule (2.34) the second allocation is forced deterministically to

balance, i.e., D2 = 0 almost surely, since ft(−1) = 1 and ft(1) = 0; thus, the

biased coin mechanism starts only at the third stage and extremely unbalanced allo-

cation sequences, where the same treatment is assigned all the time, are impossible.
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FIGURE 2.2: Allocation probabilities to treatment A for GBCD(t) with t = 1, 2 and

3 (dashed, solid and dotted, respectively) as the relative imbalanceDn/n varies.

In order to avoid deterministic assignments, we can modify the GBCD by replacing

(2.34) with

pft (x) = pft (x) + (1 − p)ft (−x) , p ∈ [1/2; 1] (2.35)

which is always randomized; for p = 1/2 the design is completely randomized,

p = 1 corresponds to Smith’s GBCD, while for t → ∞ rule (2.35) tends to Efron’s

BCD(p). Figure 2.3 shows the allocation probabilities to treatment A for Atkinson’s

DA-optimum BCD modified by (2.35) with p = 1 (i.e., GBCD(t = 2)), 0.9 and 2/3.

Remark 2.4 Since f ′(0) = −t/2, from (2.30) the asymptotic variance of n−1/2Dn

is inversely proportional to t, with limn→∞ V ar[n−1/2Dn] = (1+2t)−1, and there-

fore

lim
n→∞

L̃n = lim
n→∞

V ar[Dn]

n
=

1

1 + 2t
, (2.36)

showing the usual inverse relationship between balance and randomness. For in-

stance, assuming Atkinson’s DA-BCD (namely rule (2.34) with t = 2) the expected

loss converges to 1/5.

Parameter t = −2f ′
t(0) is an indicator of both balance and predictability.

Finally we stress that, even if the BCD in (2.13) can be regarded as a special case

of (2.27) with

f

(
Dn

n

)
=

1

2
+ sgn

(
Dn

n

)(
1

2
− p

)
, (2.37)

Efron’s procedure does not satisfy the CLT property, since (2.37) is discontinuous at
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FIGURE 2.3: Allocation probabilities toA for Atkinson’sDA-BCD modified by pf2
in (2.35) with p = 1, 0.9 and 2/3 (solid, dashed and dotted lines, respectively) as the

relative imbalance Dn/n varies.

0. Indeed, under Efron’s coin n−1/2Dn vanishes asymptotically, due to the steady-

state property of {Dn}n∈N, namely rule (2.13) guarantees a higher order of conver-

gence to balance with respect to Wei’s Adaptive BCD. This aspect is crucial in order

to understand the different behaviour of these designs.

To explore how these rules work in practice and their drawbacks, consider now

three hypothetical trials, illustrated by the scenarios of Table 2.1.

TABLE 2.1: Allocation probabilities to the under-represented treatment for Efron’s

BCD(2/3) and GBCD(t) with t = 1 (GFU), t = 2 (Atkinson’sDA-BCD) and t = 3,

under three different scenarios.

Scenario nAn nBn Dn BCD(2/3) GFU DA -BCD GBCD(3)

1 3 2 1 0.667 0.6 0.692 0.771
2 51 50 1 0.667 0.505 0.510 0.515
3 60 40 20 0.667 0.6 0.692 0.771

Neither Efron’s BCD nor the GBCD distinguish between Scenario #1 (which is

balanced since n is odd) and Scenario #3, where treatmentA is over-represented with

D100 = 20 (namely the two arms are strongly unbalanced). In the GBCD the ten-

dency towards balance (increasing in t) is stronger for small samples and decreases

rapidly as n grows (see Scenarios #1 and #2). On the other hand, since any BCD is

insensitive to the magnitude of the imbalance, the allocation will always be driven
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towards the under-represented treatment with the same probability, so Efron’s coin

guarantees a higher rate of convergence towards balance.

2.4.4 Comparisons of the Adjustable Biased Coin and Adaptive Biased

Coin Designs

The ABCD guarantees a higher rate of convergence to balance with respect to Wei’s

Adaptive BCD, but the predictability does not vanish asymptotically, since

lim
n→∞

SBn = 1 +
∞∑

s=0

s∏

x=1

F (x − 1)

F (−x) =
ξ(0) + 1

2
,

so that

lim
n→∞

S̃Bn = ξ(0),

again stressing the inverse relationship between balance and randomness. For Efron’s

BCD(p), ξ(0) = 1− {2p}−1 and therefore

lim
n→∞

SBn = 1− 1

4p
,

while for ABCD[F (a)] the asymptotic predictability varies between 0 (when a =
0, namely under CR) and 1/4 (as a tends to infinity). Thus, for any choice of a
the asymptotic predictability of ABCD[F (a)] is no greater than Efron’s BCD(2/3),

which is equal to 5/8, and at the same time the loss goes to 0 with the same speed

for both rules.

In the ABCD[F (a)], the quantity a/2 may be regarded as the equivalent of t of

Smith’s design, since it measures the slope of the function Fa(x) at points x = 1
and x = −1. So, for a suitable comparison between the ABCD and Smith’s design

in what follows a will be taken to equal 2t. In particular for a suitable comparison

with Atkinson’s DA-BCD, a = 1 has been chosen. Table 2.2 shows the allocation

probabilities to the under-represented treatment under ABCD[F (1)] and Atkinson’s

rule as the sample size n and the imbalance Dn vary.

As shown in Table 2.2, for very small samples the tendency towards balance is

stronger for Atkinson’sDA-BCD with respect to the ABCD[F (1)], while for n > 10
the Adjustable BCD allocates the under-represented treatment with higher probabil-

ities. For n = 100, the DA-BCD is close to an unbiased coin, whereas the ABCD

forces balance in the same way for any sample size, since it depends only on the

observed imbalance. Empty cells in the table mean that the corresponding scenarios

are impossible, since Dn ≤ n and Dn must have the same parity as n. Also, under

Atkinson’s rule totally unbalanced allocation sequences are impossible.

Taking now into account a finite sample approach, we compare the performances

of Efron’s BCD(2/3), Atkinson’s DA-BCD and ABCD[F (a)] with a = 1 and 1/2,

in terms of imbalance and predictability. The results come from 1000 simulations

with n = 100.

Starting from balance, Table 2.3 illustrates the same comparison in terms of
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TABLE 2.2: Allocation probabilities to the under-represented treatment (B) for

ABCD[F (1)] and Atkinson’s DA-BCD (within brackets) as n and Dn vary.

n
Dn 1 2 3 4 5 6 7 8 9 10 100

1 0.5 0.5 0.5 0.5 0.5
(1) (0.8) (0.69) (0.64) (0.61)

2 0.67 0.67 0.67 0.67 0.67 0.67
(0.9) (0.8) (0.74) (0.69) (0.52)

3 0.75 0.75 0.75 0.75
(0.94) (0.86) (0.8)

4 0.8 0.8 0.8 0.8 0.8
(0.96) (0.9) (0.85) (0.54)

5 0.83 0.83 0.83
(0.97) (0.93)

6 0.86 0.86 0.86 0.86
(0.98) (0.94) (0.56)

7 0.88 0.88
(0.99)

8 0.89 0.89 0.89
(0.99) (0.58)

9 0.9

10 0.91 0.91
(0.6)

the expected loss L̃n in (2.9), while Figure 2.4 shows the performances of the

above mentioned procedures by taking into account the average imbalance indica-

tor n−1
∑n

i=1 V ar[Di].

TABLE 2.3: Expected loss L̃n for Atkinson’s DA-BCD, Efron’s BCD(2/3) and

ABCD[F (a)] with a = 1 and 1/2, as n varies.

n
10 20 30 40 50 60 70 80 90 100

DA-BCD .214 .201 .196 .212 .218 .206 .210 .220 .208 .203

BCD(2/3) .315 .202 .142 .098 .088 .063 .056 .050 .047 .045

ABCD[F (1)] .350 .190 .120 .095 .070 .060 .052 .047 .042 .036

ABCD[F (1/2)] .471 .302 .213 .156 .135 .114 .090 .078 .064 .064

As regards the average imbalance, for Atkinson’s DA-BCD the quantity

n−1
∑n

i=1 V ar[Di] tends to diverge as n grows, while the ABCD shows a fast con-

vergence to its asymptotic value. Excluding small sample sizes (we stress that the

second assignment of Atkinson’s rule is deterministic and this affects the compar-

isons for starting values of n), the ABCD performs better than Atkinson’s rule and

this gain increases significantly as n grows. Clearly, as a decreases the imbalance for
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FIGURE 2.4: Average imbalance n−1
∑n

i=1 V ar[Di] for Atkinson’s DA-BCD

(solid grey), Efron’s BCD(2/3) (solid black) and ABCD[F (a)] with a = 1 and 1/2
(dotted and dashed black lines, respectively) as n varies.

the ABCD[F (a)] grows and BCD(2/3) tends to lie between ABCD[F (1)] (which

seems to be slightly preferable) and ABCD[F (1/2)]. The same conclusions can be

reached taking into account the expected loss: under DA-BCD, even from the start-

ing assignments L̃n is quite stable around its asymptotic value, i.e., 1/5, while for

the ABCD class of procedures the loss vanishes as n grows, so that for n greater than

30 all the ABCD’s perform better than Atkinson’s rule.

As regards randomness, Figure 2.5 shows the behaviour of the selection bias

SB∗
n in (2.12) for the above mentioned procedures, while Table 2.4 illustrates the

same comparison by assuming the probability Pr(Jn+1 = 1) as a measure of pre-

dictability.
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FIGURE 2.5: Selection bias SB∗
n for Atkinson’s DA-BCD (solid grey), Efron’s

BCD(2/3) (solid black) and ABCD[F (a)] with a = 1 and 1/2 (dotted and dashed

black lines, respectively) as n varies.

The indicator S̃Bn is decreasing in n for Atkinson’s coin, while it is increas-

ing for the ABCD’s. In general, BCD(2/3) is more predictable than all the other

procedures, also with respect to ABCD[F (1)]. However, as shown in Figure 2.1,
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TABLE 2.4: Predictability indicator Pr(Jn+1 = 1) for Atkinson’s DA-BCD,

Efron’s BCD(2/3) and ABCD[F (a)] with a = 1 and 1/2, as n varies.

n
10 20 30 40 50 60 70 80 90 100

DA-BCD .616 .602 .560 .564 .574 .570 .543 .544 .528 .513

BCD(2/3) .669 .682 .673 .666 .677 .665 .670 .643 .661 .670

ABCD[F (1)] .588 .562 .574 .564 .563 .577 .564 .588 .568 .571

ABCD[F (1/2)] .571 .554 .546 .547 .546 .574 .558 .558 .563 .568

for a given degree of imbalance greater than or equal to 2 the allocation rule of the

ABCD[F (1)] is always more deterministic than BCD(2/3), stressing that the be-

haviour of any procedure is strongly characterized by the definition of the allocation

rule when |Dn| = 1. If we compare DA-BCD and ABCD[F (a)] on the basis of

the sample size, graphical evidence shows that Atkinson’s rule performs better than

ABCD[F (a)] for each choice of a and this gain grows as the sample size increases.

Taking now into account the indicator of predictability Pr(Jn+1 = 1), the above

conclusions are still valid. The probability of correctly guessing the next allocation

is decreasing in n for Atkinson’s coin, while under the other procedures it is fairly

stable, due to the fast convergence to the stationarity that characterizes the ABCD.

Efron’s BCD is more predictable than ABCD[F (a)] for both choices of a; clearly,

the predictability of ABCD[F (a)] is decreasing in a. However, as further simulations

(omitted here for brevity) have shown, this indicator of predictability is strongly af-

fected by the periodicity of the Markov chain {Dn}n∈N, so suitable comparisons

between different designs can be usefully performed either for all even (or, alterna-

tively, all odd) sample sizes, but not disregarding the parity of n (as in Figures 2.4

and 2.5).

Remark 2.5 For all sample sizes, BCD(2/3) is more predictable than ABCD[F (1)]
and, at the same time, it is also more unbalanced. Hence, Efron’s coin is simultane-

ously improved upon with respect to both balance and randomness by ABCD[F (1)]
(see Atkinson (2012)).

2.5 Urn designs

Urn models were originally introduced and analyzed in the probabilistic literature,

see for instance Johnson and Kotz (1977), Gouet (1993), Kotz et al. (2000), Inoue

and Aki (2001), Janson (2004), Flajolet et al. (2005), Pouyanne (2005), Flajolet et al.

(2006) and Higueras et al. (2006). They are very popular and attractive randomization

tools for adaptive designs, due to the simplicity and elegance of their handling, that

in some circumstances allows us to derive the asymptotic normality of the allocation
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proportion of the treatments, as well as the corresponding asymptotic variance. Wei

(1977), Wei (1978b, 1979), Schouten (1995), Rosenberger and Lachin (2002), Bai

et al. (2002b), Baldi Antognini (2005), Chen (2000, 2006), Muliere et al. (2006a),

Zhang et al. (2006), Baldi Antognini and Giannerini (2007) are among the authors

who have developed this subject.

In this section we deal with urn models that give rise to allocation-adaptive de-

signs. It is of interest that, for v = 2 treatments, most of them are in fact special cases

of biased coin designs.

The sequential allocation of two treatments via urn randomization can be in-

tuitively described by the following scheme, usually denoted as the Generalized

Pólya Urn (GPU) model. There is an urn containing balls of two different types

(colours), one for each treatment. To randomize statistical unit (n + 1), a ball is

drawn at random from among all the ones in the urn and if the chosen ball is of type

j (j = A,B), then the corresponding treatment will be assigned to the present unit.

Let Wn = (WAn,WBn) denote the content vector of the urn, namely Wj repre-

sents the number of balls of type j present in the urn after n assignments: the next

treatment allocation depends only on the actual urn composition, i.e.,

Pr (δn+1 = 1 | Wn) =
WAn

WAn +WBn
, n ≥ 1, (2.38)

where WAn +WBn is the total number of balls present in the urn at this stage. Then

the selected ball of type j is replaced in the urn together with additional Rn(j, l)
balls of type l (with l = A,B), where negative values are allowed and correspond

to removals of balls. Thus, the urn updating process is governed by the addition or

replacement matrix:

Rn =

(
Rn(A,A) Rn(A,B)
Rn(B,A) Rn(B,B)

)
, (2.39)

which describes the number of balls of type A and B that will be added into the

urn, given the current assignment. These operations are repeated at each step and this

generates the sequence of allocations. Clearly this scheme can be directly generalized

to the case of several treatments (see for instance Bai and Hu (2005)) and can also be

described by two different urns, UA and UB , standing for the two treatments, each

of them containing a given number of balls of just one type: at each step a ball is

drawn from either urn at random and if the ball is chosen from Uj , then treatment j
is allocated (j = A,B).

Obviously, the evolution of the urn process {Wn}n∈N - and therefore the be-

haviour of the associated urn design - is completely specified by the initial urn com-

position W0 together with the addition rule {Rn}n∈N. The result below, which is a

corollary of Theorem 1.3, highlights the relationship between a sequential urn design

and the related urn process and allows us to find urn procedures that converge to any

given target proportion of treatment allocations.
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Corollary 2.1 If an urn process {Wn}n∈N satisfies the following condition

lim
n→∞

1

n

n∑

i=1

WAi

WAi +WBi
= t a.s. (2.40)

then the associated urn design is such that

lim
n→∞

NAn

n
= t a.s.

It goes without saying that, in order to define the allocation probability (2.38), the en-

tries of the initial urn composition vector W0 and of the addition matrices {Rn}n∈N

do not need to be integers and can be assumed to be real numbers, with suitable

constraints on (2.39) to avoid the extinction of balls from the urn. Furthermore, the

setting can be extended by letting W0 and {Rn} be random. In the most general

formulation of a GPU model, at each step n each Rn(j, l) (j, l = A,B) may be

a function of the accrued information, so that the addition matrix Rn is random.

Several authors refer to this case as the Randomly Reinforced Urn models (see e.g.

Muliere et al. (2006a)) or GPU in a random environment (Higueras et al., 2003). For

instance, Rn may depend on the past history by being a function of the sequence

of allocations that have been made up to step n. This will lead to a design that is

allocation-adaptive. On the other hand, at each step the addition rule may be a func-

tion of the observed responses, which leads to a response-adaptive urn design. This

latter type will be further studied in Chapter 4.

When the addition matrix is random, the crucial quantity that governs the evo-

lution of the process is the so-called generating matrix Hn = E [Rn | ℑn]. In par-

ticular, if Hn = H for all n then the GPU model is said to be homogeneous and its

asymptotic behaviour (as well as that of the corresponding urn design) depends on

the spectral structure of the generating matrix H (Athreya and Karlin, 1968; Smythe,

1996).

We now proceed to deal with some special urn designs aimed at balancing the

allocations of two treatments.

2.5.1 A special class of urn designs

The simplest urn design is when W0 = (w/2;w/2), with a deterministic and con-

stant adding rule

Rn =

(
rAA rAB

rBA rBB

)
for all n ≥ 1, (2.41)

where w ∈ R+ and rjl ∈ R (j, l = A,B), so that the updating process is the

same at every step. Several authors (Wei, 1978b; Chen, 2000, 2006; Baldi Antognini,

2005) have investigated this case in depth. For instance, the case rAA = rBB =
−1 corresponds to extractions from the urn without replacement. Moreover, special

attention has been devoted to the so-called balanced urns, namely those such that

rAA + rAB = rBA + rBB = t ≥ 0. At each step t balls are added to the urn and

WAn +WBn = w + nt , for all n ≥ 1, (2.42)
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so that it is sufficient to consider the one-dimensional process {WAn}n∈N
, instead

of {Wn}n∈N
, where

WAn =
w + n(rAA − rBB + t) +Dn(rAA + rBB − t)

2
, for all n ≥ 1. (2.43)

The allocation probability (2.38) simply becomes

Pr (δn+1 = 1 | Wn) =
1

2
+
n(rAA − rBB) +Dn(rAA + rBB − r)

2(w + nt)
. (2.44)

Clearly, if t = 0 the total number of balls is always w at every stage; thus,

{WAn}n∈N
is an irreducible and positive recurrent Markov chain on {0, . . . , w} and

(2.44) becomes

Pr (δn+1 = 1 | Wn) =
1

2
+
n(rAA − rBB) +Dn(rAA + rBB)

2w
. (2.45)

A trivial consequence of Corollary 2.1 for ergodic urn processes is the following:

Corollary 2.2 Adopting a balanced urn process with t = 0, the associated urn de-

sign is such that

lim
n→∞

NAn

n
=
E [WA]

w
a.s.

where E [WA] denotes the ergodic mean of {WAn}n∈N
.

Thus, in order to obtain an asymptotically balanced urn procedure, the corresponding

urn process should be such that E [WA] = w/2.

Special cases:

• Complete Randomization corresponds to

Rn =

(
r r
r r

)
with r ≥ 0. (2.46)

• A very popular urn process is the well-known Ehrenfest urn (see Dette (1994),

Balaji et al. (2006)), i.e.,

Rn =

(
−1 1
1 −1

)
for all n ≥ 1, (2.47)

that has been analyzed in the allocation-adaptive framework by Chen (2000,

2006). At each step one ball is chosen at random without replacement and one

ball of the other type is added in the urn. This is a special case of the Adjustable

BCD with allocation rule (2.20). By the properties of the stationary distribution

of the Ehrenfest process and using an approximation of the k-step transition ma-

trix of {WAn}, Chen has analyzed balance and randomness of the corresponding

design, denoted by EU(w), both asymptotically and for small samples.
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• Friedman’s urn (Friedman, 1949) is a special case of the balanced GPU model

with deterministic and constant adding matrix. Originally introduced in the con-

text of adaptive designs by Wei (1977), this scheme starts with a even number w
of balls equally divided between the two urns, namely W0 = (w/2;w/2); at each

step one ball is chosen at random and is replaced together with β ≥ 0 additional

balls of the other type, i.e.,

Rn =

(
0 β
β 0

)
. (2.48)

This scheme was later generalized by Wei (1978b) assuming

Rn =

(
α β
β α

)
, α, β ≥ 0, (2.49)

and the associated urn design is usually denoted as GFU(w;α, β). From (2.44),

there follows

Pr (δn+1 = 1 | Wn) =
1

2
− Dn(β − α)

2[w + n(α+ β)]
. (2.50)

The parameters α and β represent the weights corresponding to the treatment that

has just been assigned and its alternative, respectively. Clearly, for β = α we

obtain CR, while if α = w = 0, starting from an equal allocation probability

to either treatment, the design properties do not depend on β. When β > α, the

Generalized Friedman’s Urn design GFU(w;α, β) is asymptotically equivalent

to Wei’s Adaptive BCD, due to the fact that the quantityw/n vanishes. In general,

GFU(w;α, β) is asymptotically balanced, namely

lim
n→∞

Dn

n
= 0 a.s.

and furthermore, if 3β > α ≥ 0, then as n→ ∞
√
n

(
NAn

n
− 1

2

)
→d N

(
0,

α+ β

4(3β − α)

)
, (2.51)

so the balance is stronger as the value of β/α increases (see also Oden and McIn-

tosh (2006)).

2.5.2 Generalizations of Friedman’s urn

A simple extension of Friedman’s urn design consists in assuming α, β ∈ R so that,

at each step, we can remove or add a given number of balls from the urn. If β < α
the treatment which has been assigned in the first allocation will be favoured all the

way. Thus, to achieve balance we must consider only the case β ≥ α. In particular,

Schouten (1995) has analyzed the special case with α = −1 and β ≥ 1

Rn =

(
−1 β
β −1

)
. (2.52)
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Another special case is when α = −β ≤ 0, i.e.,

Rn =

(
−β β
β −β

)
, (2.53)

where we assume β ∈ [0;w/2] to avoid the extinction of the balls. Within this ex-

tended class, β = 1 corresponds to the already mentioned Ehrenfest Design. Under

(2.53), the process {WAn}n∈N
is a time-homogeneous and ergodic Markov chain on

{0, 1, . . . , w} and the allocation rule (2.50) becomes

Pr (δn+1 = 1 | Wn) =
1

2
− Dnβ

w
.

Therefore, {Dn}n∈N
is a time-homogeneous and ergodic Markov chain on

{−w/2β, . . . , w/2β}. This is not surprising, as this procedure is a special case of

the Adjustable BCD with a linear allocation function

F (x) =





1 x < − w
2β

1
2 − xβ

w x ∈
[
− w

2β ;
w
2β

]
,

0 x > w
2β

and thus is asymptotically balanced (Baldi Antognini, 2005). Further properties of

this design can be found in Section 2.4.2.

A further generalization of Friedman’s urn has been made by Baldi Antognini

and Giannerini (2007) by assuming at every step n a random adding rule of the form:

Rn =

(
−An An

Bn −Bn

)
,

where An and Bn are non-negative random variables with probability distributions

depending on the numbers of balls already present in the urn. In particular, the au-

thors provided suitable conditions on the sequences {An}n∈N and {Bn}n∈N under

which the design is asymptotically normal, namely as n→ ∞
√
n

(
NAn

n
− 1

2

)
→d N

(
0;
σ2

w2

)
,

where σ2 can be evaluated using a suitable set of orthogonal polynomials (Dette,

1994).

2.6 Some extensions of the biased coin and urn designs of this

chapter

In this chapter we have presented classes of adaptive randomized designs that de-

pend on the history of the trial only through the sequence of treatment assignments.
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These procedures were originally introduced in the context of comparative clinical

trials, where often there are just two treatments and balance is regarded as desirable.

However, both the cases of an unbalanced target allocation and of v > 2 treatments

are also of interest. Several of the designs discussed so far have been generalized in

either or both these directions.

Starting from a known target π0
A ∈ (0; 1) for the allocation proportion of A,

the completely randomized design for two treatments can be naturally extended by

assigning at each step treatment A with probability π0
A, namely

Pr
(
δn+1 = 1 | δ(n)

)
= π0

A n ≥ 1, (2.54)

Efron’s coin (2.13) can be generalized by letting

Pr
(
δn+1 = 1 | δ(n)

)
=





p2, if πn < π0
A

π0
A, if πn = π0

A, n ≥ 1,

p1, if πn > π0
A

(2.55)

with 0 ≤ p1 ≤ π0
A ≤ p2 ≤ 1, where at least one of the inequalities holds strictly. As

shown by Baldi Antognini and Zagoraiou (2015), the allocation proportion converges

to the chosen target with probability one, i.e.

lim
n→∞

NAn

n
= π0

A a.s.

When p1 = 1 − p2 this corresponds to a special case of the Efficient Randomized

Adaptive DEsign (Hu et al., 2009) that will be discussed in Chapter 3. Other authors

dealing with this problem are Han et al. (2009) and Kuznetsova and Tymofyeyev

(2011, 2012).

Extensions of biased coin designs to the case of v > 2 treatments, aimed at

achieving a balanced allocation π∗
j = v−1 for all j = 1, . . . , v while preserving

randomization, are given by Atkinson (1982), Smith (1984a,b) and Wei et al. (1986).

For instance, Atkinson (1982) suggests assigning subject (n+1) to treatment j with

probability proportional to the generalized variance d(j, n) of the estimated effects j
under the linear homoscedastic model

Pr
(
δj,n+1 = 1 | δ(n)

)
=

d(j, n)∑v
k=1 d(k, n)

. (2.56)

Since d(j, n) = (nπjn)
−1 for all j = 1, . . . , v, allocation rule (2.56) becomes

Pr
(
δj,n+1 = 1 | δ(n)

)
=

π−1
jn∑v

k=1 π
−1
kn

=
N−1

jn∑v
k=1N

−1
kn

, (2.57)

which corresponds to Smith’s GBCD(t = 1) in (2.34) when v = 2.
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If the interest lies in the estimation of the v − 1 linear contrasts between the

treatment effects, the DL-optimality criterion is suitable (see Appendix A). Thus,

instead of on the quantities d(j, n), the biased coin mechanism can be based on

dL(j, n) =
1

n

(
1

πjn
− 1

)
, ∀j = 1, . . . , v

and therefore allocation rule (2.56) becomes

Pr
(
δj,n+1 = 1 | δ(n)

)
=

dL(j, n)∑v
k=1 dL(k, n)

=
π−1
jn − 1

∑v
k=1(π

−1
kn − 1)

, (2.58)

leading to (2.33) in the two-treatment case (i.e., GBCD(t = 2)).

Atkinson’s idea was later extended by Ball et al. (1993) in a Bayesian framework,

replacing each generalized variance d(j, n) with its monotonic transformation

ψ(d(j, n)) = {1 + d(j, n)} 1
ζ ,

where the non-negative parameter ζ controls the degree of randomness. Moreover,

Atkinson’s rule has been extended to unbalanced target allocations by Wei et al.

(1986), Gwise et al. (2008) and Zhao and Weng (2011b), among others.
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Randomization procedures that depend on the
responses

3.1 Introduction

In Chapter 2 we have described adaptive allocation methods based on previous treat-

ment allocations. However, it is intuitively very appealing to choose progressive as-

signments on the basis of the observed outcomes as well. In some cases, this might

prove a necessity, for instance

i) in local optimality problems, when the target allocation is a priori unknown due

to its dependence on unknown quantities in the statistical model, such as the pa-

rameters, on the functional form of the expected response, etc.;

ii) with ethical concerns about the risks for the subjects involved in the trial, or to

economic concern for costs.

Allocations dependent on the accrued data, i.e. “response-adaptive” are possible

when the responses are available immediately, but also, with due care, when they

are delayed (see Section 1.13). In the present chapter we deal with the response-

adaptive designs suggested in the literature for i), while procedures aimed at ii) will

be addressed in Chapter 4.

As pointed out in Chapter 1, the experimental information arising from the first n
observations is described by the sequence ℑn = {(δ1, Y1) , . . . , (δn, Yn)}, so that a

response-adaptive allocation rule will always depend on the past allocations as well,

since the accumulated responses refer to specific treatment assignments.

Some examples of response-adaptive rules have been introduced and briefly dis-

cussed at the end of Chapter 1. In this chapter we revisit some of the response-

adaptive designs of Chapter 1 and introduce new ones. In particular, Sections 3.3-3.5

deal with designs based on sequential estimations, namely the Sequential Maximum

Likelihood (SML) design (Melfi and Page, 2000), the Doubly-adaptive Biased Coin

Design (D-BCD) (Eisele, 1994; Hu and Zhang, 2004) and the Efficient Randomized

Adaptive DEsign (ERADE) (Hu et al., 2009). These are response-adaptive proce-

dures aimed at converging to a given target that depends on the unknown model

parameters: starting with n0 observations on each treatment (usually assigned by re-

stricted randomization), at each step these designs estimate the unknown parameters

as well as the target and then modify the next allocation probabilities in order to

57
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gradually approach the desired target. In order to describe the properties of these

response-adaptive designs, in Section 3.2 we introduce a reparametrization of the

exponential family (1.4).

The final section, Section 3.6, deals with Up-and-Down (U&D) procedures. In-

stead of the comparisons between v qualitative treatments, the underlying framework

is a set of ordered treatments, like for example doses of a given drug that might be

toxic. The U&Ds are a class of response-adaptive designs aimed at finding which

among the treatment levels will produce a desirable pre-specified expected response.

Although the U&D algorithm was originally introduced for binary outcomes, we

discuss a version that can be applied for any real response variable.

3.2 A more general model for the response

In this section we provide a further asymptotic property of designs converging to

a given target allocation. We choose a reparametrization of the exponential family

defined in (1.4), that will help in describing the properties of the response-adaptive

designs to be considered in Sections 3.3 through 3.5. To avoid cumbersome notation,

we restrict ourselves to the case of two treatments A and B. The majority of the

asymptotic results hold even in a more general setting and can be easily extended to

the case of several treatments (Rosenberger and Lachin, 2002; Hu and Rosenberger,

2006; Hu et al., 2009). We make the usual hypothesis of conditional independence

of the outcomes given the treatment assignments and suppose that the responses to

either treatment belong to a d-dimensional exponential family, which, conditionally

on the treatment, are characterized by the d-dim parameters

γA = E[f(Y ) | δ = 1] and γB = E[f(Y ) | δ = 0] (3.1)

where f is a measurable vector function of the responses and we set γ = (γt
A;γ

t
B)

t.

Usually f(Y ) stands for a “natural ” sufficient statistic for the chosen model. In

the mono-parametric exponential family models, like Bernoulli or or exponential

responses, there are no nuisance parameters and f(Y ) = Y . Otherwise, the presence

of several parameters of interest together with nuisance ones can be encompassed

by the vector function f(·), in order to express them as functions of the moments

of the response distributions. A typical example with d = 2 is when the treatment

responses are normally distributed with N(µA;σ
2
A) and N(µB;σ

2
B); in this case if

we set f(Y ) =
(
Y ;Y 2

)t
then

γA =
(
µA;µ

(2)
A

)t
and γB =

(
µB ;µ

(2)
B

)t
,

where µ
(2)
j = σ2

j + µ2
j denotes the second centered moment of the response dis-

tribution under treatment j (j = A,B). Note that the normal homoscedastic case

σ2
A = σ2

B has the built-in constraint µ
(2)
A − µ2

A = µ
(2)
B − µ2

B , that must be taken into

account in deriving the MLEs.
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Under (3.1), at each step n the MLEs of the parameters are

γ̂An =

∑n
i=1 δif(Yi)∑n

i=1 δi
and γ̂Bn =

∑n
i=1(1 − δi)f(Yi)∑n

i=1(1− δi)

and the information matrix (conditional on the design) is estimated at step n by

M̂ (γ | πn) = M (γ̂n | πn) ,

where γ̂n = (γ̂t
An; γ̂

t
Bn)

t. The following result is the analogue of Theorem 1.3 in

the present setting.

Theorem 3.1 Let π0(γ) ∈ (0; 1) be a desired target allocation, and assume it to be

a continuous function of γ. If the design is such that limn→∞ πn = π0 = π0(γ) a.s.
then

•

lim
n→∞

M(γ̂n | πn) =M(γ | π0(γ))

=diag
(
π0(γ)IA(γA), (1 − π0(γ))IB(γB)

)
a.s.

(3.2)

where Ij(γj) is the normalized Fisher information matrix for γj associated to a

single observation of treatment j (with j = A,B), namely

IA(γA) = V ar[f(Yi) | δi = 1]−1 and IB(γB) = V ar[f(Yi) | δi = 0]−1;

• the ML estimators are strongly consistent

lim
n→∞

γ̂n = γ a.s.

and also asymptotically normal with

√
n (γ̂n − γ) →d N

(
0;M−1

(
γ | π0(γ)

))
.

If f(·) is a vector function, V ar[f(Yi) | δi = 1] and V ar[f(Yi) | δi = 0] are

matrices, and M
(
γ | π0(γ)

)
in (3.2) is block-diagonal. It is obvious that, when

f(Yi) = Yi, then

M
(
γ | π0(γ)

)
=diag

(
π0(γ)

V ar[YA]
,
1− π0(γ)

V ar[YB ]

)

=diag
(
π0(γ)IA(γA), (1− π0(γ))IB(γB)

)

is a (2× 2)-dim matrix that corresponds to the asymptotic information matrix of the

parameters of interest in Theorem 1.3 and Ij(γj) is the (scalar) normalized informa-

tion for γj associated with a single observation of treatment j (j = A,B).

The following definition given in Hu and Rosenberger (2006) applies to adaptive

designs for two treatments that converge to a target (π0(γ), 1− π0(γ).
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Definition 3.1 If the proportion of allocations is asymptotically normal, i.e.,

√
n
(
πn − π0(γ)

)
→d N(0;λ2), (3.3)

the design will be said to be asymptotically best for the target π0(γ) if the asymptotic

variance λ2 attains its Rao−Cramer lower bound given by 1

λ2(∗) =
(
∇π0

)t
M−1(γ | π0(γ))

(
∇π0

)

=
(
∇π0

)t
diag

(
I−1
A (γA)

π0(γ)
;
I−1
B (γB)

1− π0(γ)

)(
∇π0

)
,

(3.4)

where ∇π0 denotes the gradient of the function π0(γ) with respect to γ.

For any target π0(γ), λ2(∗) in (3.4) is the lowest asymptotic variance of an asymp-

totically normal treatment allocation proportion converging to that target (it is the

same for both treatments). Within the class of such designs, if a response-adaptive

procedure attains this lower bound, it cannot be improved in terms of asymptotic

variance.

3.3 The Sequential Maximum Likelihood design

There are several circumstances in which the experimenter may wish to choose an

experiment that converges to a prescribed target allocation depending on unknown

parameters π0 = π0(γ). The choice of π0 may be motivated by inferential optimal-

ity considerations, like the targets of Section 1.7 in Chapter 1, or ethical considera-

tions, like the popular Play-the-Winner target (1.11.2) of Section 1.11.2. In Chapters

4 and 5 several more targets will be introduced, that are motivated by both concerns.

The Sequential Maximum Likelihood design (Melfi and Page, 2000) is the simplest

adaptively randomized procedure that can be used whenever the desired target de-

pends on some or all the unknown parameters. This design has been hinted at in

Section 1.9.1 and here is a full definition.

• We start with a set number n0 of observations on each treatment in order to provide

some initial (non-trivial) estimates of all the parameters involved.

• At each step n > vn0, we estimate the parameters by ML making use of all the

data observed up to that step, obtaining γ̂t
n, and estimate the target by

π̂0 = π0(γ̂n).

1In the first edition of Hu and Rosenberger (2006), the calculation of λ2(∗) in some instances is incor-

rect.
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• Then we assign the next treatment with probabilities given by the current estimate

of the target, namely

Pr
(
δn+1,j = 1 | δ(n), Y (n)

)
= π0

j (γ̂n) , for all j = 1, . . . , v; n > vn0.

(3.5)

3.3.1 Asymptotic properties and drawbacks of the SML design

We show that

Theorem 3.2 If π0(γ) ∈ (0; 1) and is continuous in γ, then the SML design con-

verges almost surely to the target, namely

lim
n→∞

πn = π0(γ) a.s. (3.6)

Proof First of all we point out that the assumption of Lemma 1.1 is satisfied by the

allocation rule (3.5), so that lim
n→∞

Njn = ∞ a.s. for j = 1, . . . , v. Hence the strong

consistency of the ML estimators in the present setting (see Section 1.8.2), so that by

continuity

lim
n→∞

π0(γ̂n) → π0(γ) a.s.

The rest of the proof follows directly from Theorem 1.1.

For two treatmentsA and B from Theorem 3.1 there follows that

lim
n→∞

M(γ̂n | πn) =M(γ | π0(γ))

=diag
(
π0(γ)IA(γA), (1 − π0(γ))IB(γB)

)
a.s.

(3.7)

and, as well as consistency, we get the asymptotic normality of the ML estimators

√
n (γ̂n − γ) →d N

(
0;M−1

(
γ | π0(γ)

))
.

Moreover, Eisele (1994),Eisele and Woodroofe (1995) and Hu and Zhang (2004)

have proved the following version of the Central Limit Theorem for the allocation

proportions of the SML design:

√
n
(
πn − π0(γ)

)
→d N(0;λ2SML), (3.8)

with

λ2SML = π0(γ)
(
1− π0(γ)

)
+ 2

(
∇π0

)t
M−1

(
γ | π0(γ)

) (
∇π0

)
. (3.9)

The SML design is a natural extension of CR, and also of procedure (2.54), to

the case of target allocations depending on model parameters. Since the target is

unknown and is estimated step by step using the available information, there is a fur-

ther variability in the asymptotic variance of the allocation proportions given by the

quadratic form
(
∇π0

)t
M−1

(
γ | π0(γ)

) (
∇π0

)
in (3.9). In the special case when
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the target π0 is known, i.e., it does not depend on the model parameters, ∇π0 = 0.

No recurrent estimation of the target is needed: the SML design trivially becomes

randomization rule (2.54), namely at each step the allocation of treatment A is a

Bernoulli random variable Be
(
π0
)
; the asymptotic variance of the allocation pro-

portion is simply π0
(
1− π0

)
.

To summarize:

• when adopting the SML design, the allocation probabilities depend only on the

current estimate of the target and are not affected by the actual allocation propor-

tions; the SML forces the assignments of each treatment in the same way, inde-

pendently of whether its current allocation proportion is close to (or far from) the

target;

• asymptotically, the SML randomizes the treatments according to the correspond-

ing target allocations;

• from the asymptotic normality (3.8), the convergence of the allocation proportion

to the chosen target is slow, also due to the high asymptotic variance in (3.9), so

that for small samples the SML design may generate large departures from the

target.

3.3.2 An example

Assume that the responses of the two treatments have exponential distributions

Exp (θA) and Exp (θB), so that γt = (θA, θB). The optimal target allocation to

A when the criterion is A-optimality is

π∗(θA; θB) =
θA

θA + θB

(see Table 1.1). The associated SML design is

Pr
(
δn+1 = 1|δ(n), Y (n)

)
=

θ̂An

θ̂An + θ̂Bn

, ∀n ≥ 2n0

which, by Theorem 1.3, turns out to be asymptotically A-optimal for unconditional

inference. Applying Theorem 3.2,

lim
n→∞

πn =
θA

θA + θB
a.s.

and the MLEs θ̂An and θ̂Bn are strongly consistent and asymptotically normal, with

asymptotic variance-covariance matrix

M−1 (γ | π∗(γ)) = diag (θA(θA + θB); θB(θA + θB)) ,

since Ij(γj) = θ−2
j for j = A,B. Thus, the allocation proportion to treatment A is

asymptotically normal with

√
n

(
πn − θA

θA + θB

)
→d N

(
0;

3θAθB
(θA + θB)2

)
,
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since

π∗(θA; θB) (1− π∗(θA; θB)) =
θAθB

(θA + θB)2

and

∇π∗ =

(
θB

(θA + θB)2
;

−θA
(θA + θB)2

)t

.

3.4 The Doubly-adaptive Biased Coin Design

Doubly-adaptive biased coin designs (D-BCDs) are an important family of response-

adaptive randomization procedures: they consist of a modification of SML designs,

aimed at driving the assignments towards the given target faster than the SML. They

make use of some measure of “dissimilarity” between the actual treatment allocation

proportions and the current estimate of the target. The rationale consists in favouring

at every step the allocation of the treatment whose current allocation proportion is

smaller than the current estimate of its target in such a way that the smaller the

allocation proportion is, the greater is the probability of assigning the treatment.

The idea goes back to Eisele (1994) who introduced it in the case of two treat-

ments under the regular exponential family model, but was later generalized by Hu

and Zhang (2004) to several treatments and more complex response models. The fol-

lowing is a slight modification of Eisele’s original definition of the Doubly-adaptive

Biased Coin Design.

Consider a function g : [0, 1]2 → [0, 1] such that

C1) g(x; y) is continuous on (0; 1)2;

C2) g(x;x) = x;

C3) g(x; y) is decreasing in x and increasing in y on (0; 1)2.

The function g(x; y) stands for the assignment probability, x stands for the cur-

rent allocation proportion and y for the current estimated target. After a pilot stage

with n0 observations on each treatment for initial estimation, the D-BCD is defined

by

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
= g

(
πn;π

0(γ̂n)
)
, for all n > 2n0. (3.10)

The D-BCD will drive the allocation proportion towards the target, since from con-

ditions C2) and C3), when x > y then g(x; y) ≥ y so if the current allocation

proportion of treatment A is greater than the estimated target, the probability of as-

signing this treatment is lower than the estimated target and vice versa. Clearly, we

get the SML design by letting g(x; y) = y for any x ∈ [0; 1].
Although not necessary for the convergence properties of the design, the follow-

ing further condition
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C0) g(x; y) = 1− g(1− x; 1− y) for all x, y ∈ (0; 1)2

guarantees that A and B are treated symmetrically.

The above definition of the D-BCD includes several well-known adaptive de-

signs, but not all of them. For instance:

• when the target does not depend on the unknown parameters, e.g., when π0 = 1/2,

then g(x; y) is constant in y and the design is allocation-adaptive. The CR design,

Wei’s Adaptive BCD and rule (2.54) can be regarded as special cases of the D-

BCD, by taking g(x; y) = 1/2, g(x; y) = f(x) and g(x; y) = π0
A respectively.

However, Efron’s BCD is excluded since the allocation function is discontinuous,

thus contradicting Condition C1).

• the ABCD is also excluded, since it corresponds to a sequence of allocation rules

{gn(x; y)}n≥1, with gn(x; y) = F (n(2x− 1)), instead of a fixed g( · ; 1/2).
The convergence of the Doubly-adaptive Biased Coin Designs is ensured under

some conditions on the target:

Proposition 3.1 If π0(γ) ∈ (0; 1) and is continuous in γ, then the D-BCD converges

to the target, namely

lim
n→∞

πn = π0(γ) a.s.

The result is a consequence of Theorem 1.2 by letting t(y) = π(γ). The almost

sure convergence to the target of the ABCD too can be proved by means of Theorem

1.2, that does not require the continuity of the allocation rule g and also allows for a

sequence of different allocation rules.

Under further conditions on the randomization function g and the target alloca-

tion π0(γ), the asymptotic normality of the D-BCD design can be proved.

Theorem 3.3 (Eisele, 1994) Assuming C1) through C3), the hypothesis of Proposi-

tion 3.1 and the following further regularity conditions:

C4) g(x; y) is differentiable2 in both arguments, with bounded partial derivatives,

and such that
∂g(x; y)

∂x
|x=y=π0(γ) 6= 0, (3.11)

C5) π0(γ) is a twice continuously differentiable function,

then √
n
(
πn − π0(γ)

)
→d N

(
0;λ2

)
, (3.12)

where

λ2 =
π0(γ)

(
1− π0(γ)

)

1− 2dx
+

2d2y(∇π0)tM−1
(
γ | π0(γ)

)
(∇π0)

(1− dx)(1− 2dx)
, (3.13)

2This differentiability condition is very restrictive (Melfi et al., 2001), so that Hu and Zhang (2004)

introduced an alternative condition that requires bounded partial derivatives only around the target and

avoids (3.11).
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and

dx =
∂g(x; y)

∂x
|x=y=π0(γ) and dy =

∂g(x; y)

∂y
|x=y=π0(γ) .

Recalling that the allocation function g must be decreasing in x and increasing in

y, then dx ≤ 0 and dy ≥ 0, so the asymptotic variance of the design decreases when

the allocation function g(x; y) tends to be strongly decreasing in x and quite flat in y
locally around the target.

Within the D-BCD class, Hu and Zhang (2004) suggest the following family of

allocation functions

gα(x; y) =
y(y/x)α

y(y/x)α + (1− y)[(1 − y)/(1− x)]α
, (3.14)

with

gα(0; y) = 1 and gα(1; y) = 0, (3.15)

where the non-negative parameter α controls the degree of randomness of each allo-

cation: if α is near zero, the dependence of the randomization function on the current

allocation proportion is very weak and the design will tend to resemble the SML de-

sign; whereas as α grows, the allocation tends to be forced deterministically to the

estimated target and for a → ∞ rule (3.14) corresponds to the design considered by

Robbins et al. (1967). Note however that, for the limit cases α = 0 and α → ∞,

conditions (3.15) do not hold.

The D-BCD (3.14) guarantees in general a smaller asymptotic variance of the

allocation proportions, although the rate of convergence to the target is the same as

for the SML design, namely of order
√
n. To see this, it is easy to check that

dx = −α < 0 and dy = 1 + α > 1, (3.16)

so that for any chosen target allocation the asymptotic variance in (3.13) is always

smaller than that of the SML design in (3.9), as shown in the following example.

Example 3.1 In the setting of the example of Section 3.3.2, i.e., responses with ex-

ponential distributions and A-optimal target, we now look at the D-BCD with allo-

cation function gα in (3.14). The asymptotic variance of the allocation proportion

is
θAθB

(θA + θB)2

(
3 + 2α

1 + 2α

)
,

which is always less than (or equal to) 3θAθB(θA + θB)
−2, since α ≥ 0. In partic-

ular, if we set α = 1 the asymptotic variance of the D-BCD is around 55% of that of

the SML design.

Example 3.2 When the target is a priori known, the Doubly-adaptive Biased Coin

Design becomes allocation-adaptive and if π0 = 1/2 the D-BCD corresponds to

Wei’s Adaptive BCD defined in (1.17) with g(x; 1/2) = f(2x− 1) (provided condi-

tion C0) holds true). Clearly ∇π0 = 0 and thus the asymptotic variance of
√
nπn
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is {4(1− 2dx)}−1, which corresponds to (1.30) by recalling that Dn/n = 2πn − 1
and

∂g(x; 1/2)

∂x
|x=1/2= 2f ′(0).

For the D-BCD with allocation function gα as in (3.14), it is evident because of (3.16)

that the randomization parameter α controls the behaviour of the allocation function

around the target. The asymptotic variance (3.13) of the allocation proportion

π0(γ)
(
1− π0(γ)

)

1 + 2α
+ (∇π0)tM−1

(
γ | π0(γ)

)
(∇π0)

(
2(1 + α)

1 + 2α

)
(3.17)

is strictly decreasing in α and, as α → ∞, attains the Rao−Cramer lower bound

λ2(∗) in (3.4).

Example 3.3 When the responses to treatment j follow a normal distribution

N(µj ;σ
2
j ) with j = A,B, the A-optimal target is Neyman’s allocation:

π∗(γA;γB) =
σA

σA + σB
.

As shown in Section 3.2, in order to express the target as a function of the first two

centered moments of the normal distribution we let f(Y ) =
(
Y ;Y 2

)t
, so that

π∗(γA;γB) =

√
µ
(2)
A − µ2

A√
µ
(2)
A − µ2

A +

√
µ
(2)
B − µ2

B

.

The asymptotic variance in (3.13) of the D-BCD becomes (see Hu and Zhang (2004)

for details)

λ2 =
σAσB

(σA + σB)
2

[
1

1− 2dx

(
1 +

d2y
1− dx

)]
. (3.18)

If we use the allocation function gα in (3.14),

λ2 =
σAσB

(σA + σB)
2

2 + α

1 + 2α
, (3.19)

which is always smaller than the asymptotic variance of the SML design:

2σAσB

(σA + σB)
2 .

Furthermore, as α → ∞, the asymptotic variance of gα in (3.19) attains its

Rao−Cramer lower bound

λ2(∗) =
σAσB

2 (σA + σB)
2 .
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Another proposal for the allocation function of the D-BCD is (Baldi Antognini

and Zagoraiou, 2012; Baldi Antognini et al., 2012):

g(x; y) =
G
[
D(x; y)G−1(y)

]

G [D(x; y)G−1(y)] +G [D(1 − x; 1− y)G−1(1 − y)]
, (3.20)

where G : R+ → R+ is a continuous and strictly increasing function, while

D(x; y) : (0; 1)2 → R+ stands for a measure of dissimilarity between the actual

allocation proportion x and the current estimate of the optimal target y;D is assumed

to be a continuous function, decreasing in x and increasing in y, with D(x;x) = 1.

For example, if D(x; y) = 1 for all (x, y) ∈ (0, 1)2, then (3.20) corresponds to the

SML design, while if we let G(t) = t and D(x; y) = (y/x)α, one obtains gα(x; y)
in (3.14). If we set D(x; y) = y/x and

G(z) =
2√
π

∫ z

0

e−t2dt (i.e. the so-called error function Erf(z));

this leads to

g̃(x; y) =
G
[
y
xG

−1(y)
]

G
[
y
xG

−1(y)
]
+G

[
1−y
1−xG

−1(1− y)
] . (3.21)

Otherwise, letting G(t) = t and D(x; y) = 1− (x− y), rule (3.20) becomes

ġ(x; y) =
y[1− (x− y)]

y[1− (x− y)] + (1 − y)[1− (y − x)]
. (3.22)

In order to compare the properties of the allocation functions gα in (3.14), g̃ in (3.21)

and ġ in (3.22), Table 3.1 shows the probabilities of assigning treatmentAwhen both

the target estimate and the allocation proportion vary.

In general, the allocation rule gα is strongly affected by the value of x, i.e., by the

current allocation proportion: if one treatment has almost never been assigned then

gα allocates it in a deterministic way, independently of the value of the corresponding

target allocation y. Furthermore, g2 tends to be highly deterministic, while g̃ and ġ
force the allocations towards the target only when needed, guaranteeing at the same

time a greater degree of randomness than gα. To summarize, the allocation rule gα
is characterized by a strong deterministic component in the assignments, which has

a clear impact in terms of asymptotic variance, as the following example shows.

Example 3.4 In the same setting as Example 3.3, if we adopt the randomization

function ġ in (3.22), then

dx =
−2σAσB

(σA + σB)
2 and dy = 1 +

2σAσB

(σA + σB)
2

and, by (3.18), the asymptotic variance of the allocation proportion is

λ2 =
2σAσB

(σA + σB)
2

[
1 + σAσB

(σA+σB)2

1 + 4 σAσB

(σA+σB)2

]
.
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TABLE 3.1: Probabilities of allocating treatment A for the D-BCD with allocation

functions g̃ in (3.21), ġ in (3.22) and gα in (3.14) with α = 1 and 2.

x y g1 g2 g̃ ġ
→ 0 0.1 1.000 1.000 0.537 0.120
→ 0 0.3 1.000 1.000 0.653 0.443
→ 0 0.5 1.000 1.000 0.792 0.750
→ 0 0.7 1.000 1.000 0.916 0.930
→ 0 0.9 1.000 1.000 0.990 0.994

0.2 0.1 0.047 0.022 0.051 0.083
0.2 0.3 0.424 0.557 0.407 0.344
0.2 0.5 0.800 0.941 0.735 0.650
0.2 0.7 0.956 0.995 0.897 0.875
0.2 0.9 0.997 0.999 0.988 0.981

0.4 0.1 0.018 0.003 0.025 0.056
0.4 0.3 0.216 0.151 0.227 0.260
0.4 0.5 0.600 0.692 0.585 0.550
0.4 0.7 0.891 0.966 0.859 0.813
0.4 0.9 0.992 0.999 0.984 0.964

0.6 0.1 0.008 0.001 0.016 0.036
0.6 0.3 0.109 0.034 0.141 0.188
0.6 0.5 0.400 0.308 0.415 0.450
0.6 0.7 0.784 0.850 0.773 0.740
0.6 0.9 0.982 0.997 0.975 0.944

0.8 0.1 0.003 ≃ 0 0.012 0.019
0.8 0.3 0.044 0.005 0.103 0.125
0.8 0.5 0.200 0.059 0.265 0.350
0.8 0.7 0.577 0.443 0.593 0.656
0.8 0.9 0.953 0.979 0.949 0.917

Thus, for any choice of α > 1/2 the D-BCD with allocation rule gα guarantees a

smaller asymptotic variance than that of ġ, due to the fact that

2

[
σAσB

(σA + σB)
2

]
≤ 2

(
1

4

)
≤ 1

2
.

As shown by Baldi Antognini and Zagoraiou (2012), the dissimilarity measure

D(x; y) can be discontinuous, so that the allocation rule (3.20) becomes discontin-

uous too. In this case the asymptotic properties of the D-BCD cannot be applied;

however, procedure (3.20) corresponds to a special case of the Reinforced Doubly-

adaptive Biased Coin Design (to be discussed in Chapter 6 for the case of covariates),

another design converging almost surely to any desired target allocation.

Example 3.5 Set G(t) = t and

D(x; y) =





1 + ρ, x < y
1, x = y, with ρ ∈ [0, 1),
1− ρ, x > y
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then the allocation function (3.20) becomes

g̈(x; y) =





y(1+ρ)
y(1+ρ)+(1−y)(1−ρ) , x < y

y, x = y.
y(1−ρ)

y(1−ρ)+(1−y)(1+ρ) , x > y

(3.23)

As a consequence of Theorem 1.2 we can prove the convergence of this design

to any chosen target, namely

Proposition 3.2 If π0(γ) ∈ (0; 1) is continuous in γ, then adopting the allocation

rule (3.23)

lim
n→∞

πn = π0(γ) a.s.

3.5 The Efficient Randomized Adaptive Design

As shown previously, in the response adaptive setup the D-BCD plays the same role

with respect to the SML design as Wei’s Adaptive BCD with respect to CR in the

allocation-adaptive framework. In fact, D-BCD and SML designs are both asymptot-

ically normal, but the tendency of the D-BCD to force the allocations on the basis

of the proportion of treatment assignments already observed induces a reduction of

the asymptotic variance of the design. As is well known, asymptotic normality de-

termines slow convergence (the rate is
√
n). This is related to the continuity of the

allocation function around the target; it is due to the fact that, asymptotically, the

estimated target π̂0
n converges almost surely to the chosen one π0 and since g(x; y)

is jointly continuous with g (x;x) = x, the D-BCD tends to assign treatmentA with

probability ≃ π0 infinitely often. This is the exactly the same behaviour as Wei’s

Adaptive BCD when the chosen target is the balanced one.

In the same spirit as Efron’s BCD, Hu et al. (2009) introduced the Efficient Ran-

domized Adaptive DEsigns (ERADE) in order to improve the convergence to the

chosen target. This too is a class of response-adaptive procedure aimed at converg-

ing to any desired target π0(γ), that is a continuous function of the unknown model

parameters. In particular, the ERADE assigns treatment A to the (n + 1)th patient

with probability

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
=





ρπ0(γ̂n), πn > π0(γ̂n)

π0(γ̂n), πn = π0(γ̂n),

1− ρ
[
1− π0(γ̂n)

]
, πn < π0(γ̂n)

(3.24)

where ρ ∈ [0; 1) is a randomization parameter;. When ρ = 0 the design becomes the

deterministic one suggested by Robbins et al. (1967), while as ρ grows the allocations

are more randomized and for ρ → 1 the ERADE tends to the SML design. When

the desired target is the balanced one, i.e., π0(γ) = 1/2, the choice ρ = 2(1 − p)



70 Adaptive Designs for Sequential Treatment Allocation

corresponds to Efron’s BCD(p) (e.g., ERADE with ρ = 2/3 reduces to Efron’s

BCD(2/3)).

The convergence of the ERADE is ensured by the following corollary of Theorem

1.2.

Proposition 3.3 If π0(γ) ∈ (0; 1) is continuous in γ, the ERADE converges almost

surely to the target, namely

lim
n→∞

πn = π0(γ) a.s.

Proof As a function of x = πn and y = π0 (γ̂n) the allocation rule of the ERADE

can be rewritten as follows

ϕERADE(x; y) =





ρy, if x > y,

y, if x = y,

1− ρ(1− y), if x < y,

which has a single generalized downcrossing t(y) = y. Therefore the almost sure

convergence follows immediately from the continuity of the target.

Assuming that π0(γ) is a twice continuously differentiable function of γ, Hu et al.

(2009) show that

√
n (γ̂n − γ) →d N

(
0;M−1

(
γ | π0(γ)

))

and √
n
(
πn − π0(γ)

)
→d N

(
0;λ2(∗)

)
, (3.25)

where λ2(∗) is the Rao−Cramer lower bound for the asymptotic variance of a design

targeting π0(γ). This establishes the asymptotic efficiency of the ERADE for any

choice of the randomization parameter ρ ∈ [0; 1). After some simulation studies,

the authors recommend to choose ρ ∈ (0.4; 0.7) in order to obtain a valid trade-off

between randomization and efficiency.

3.6 The Up-and-Down design

Up-and-Down is the name of a type of adaptive designs used in dose-response stud-

ies, e.g., in toxicology and pharmacology, and in industrial applications. The aim

is to investigate the effect on a response variable Y of a stimulus, for instance the

dosage of a drug: given the level x ∈ R, the expected value E[Y | x] is assumed to

be a strictly increasing functionQ(x) of the stimulus and we are interested in finding

which value of the input x(Γ) will produce a prescribed mean response Γ. In toxicol-

ogy, for instance, the responses are binary and the probability of positive response
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(toxicity) is assumed to be an increasing function of the given dose level; the aim

is estimating the dose associated to a pre-specified probability of positive response.

Classical examples are the median LD(50), i.e., the dose that is lethal for 50% of

the population under trial, or the maximum tolerated dose (MTD) of Phase I clinical

trials. As a rule, the response curve Q(x) is unknown and the problem is the search

for the unknown target level x(Γ).
In the experimental setting, there are a finite number of pre-specified values of x

that can be tried (the treatments) so in this case the treatments are ordered. The set of

available treatment levels, in increasing order, can be denoted by D = {d0, . . . , dM}
(not necessarily equally spaced). We write Q(dj) = Qj (j = 0, 1, . . . ,M) for short.

In the Up-and-Down (U&D) method, at each step one or more observations are taken

using a given treatment level and according to the response, at the next step the

treatment is either a) increased by one level, or b) decreased by one level, or c)

maintained at the same level.

The very first version of the U&D algorithm for binary responses, proposed by

von Bekesy (1947) and Dixon and Mood (1948) in order to target LD(50), was

deterministic: the experiment simply consisted in observing one unit at a time and

decreasing the treatment level if the response was positive, increasing it if negative.

Later, a randomization mechanism of the biased coin type was introduced by Der-

man (1957) and Durham and Flournoy (1994) to cope with the search for a quantile

of Q, i.e., x(Γ) = Q−1(Γ) corresponding to a value of Γ (0 < Γ < 1) different

from 0.5, where Q−1(p) = inf{x : Q(x) ≥ p}. Since then, U&D has been the

object of a large amount of investigation by various authors (Durham et al., 1997;

Giovagnoli and Pintacuda, 1998; Ivanova et al., 2003; Ivanova and Flournoy, 2006;

Bortot and Giovagnoli, 2005; Gezmu and Flournoy, 2006; Baldi Antognini et al.,

2008; Baldi Antognini and Crimaldi, 2006). We are going to define a U&D design for

general outcomes and a given target, which clusters the treatment allocations around

the target level. Methods of inference for U&D designs will also be discussed.

3.6.1 Definition and properties of U&D designs

We shall assume the expected response Q(x) to be known when x is a minimum

(x = d0) or a maximum (x = dM ), so that these values are of no interest for our

experiment. We can either observe just one unit at each step or more than one, but we

assume that the response Y is a scalar, e.g., the sum or the mean of the observations

from the group of units. We denote by Y the range of Y and put inf Y = a and

supY = b. Set also I = [a; b]. We assume that Q(·) is strictly increasing.

Let Xn denote the treatment level applied at step n and let Yn be the correspond-

ing outcome. To randomize the design, at each step we define the probabilities of

increasing or decreasing the treatment by one level in terms of the outcomes. More

precisely, we choose two functions from Y into [0, 1]− the generating functions α(·)
and β(·) of the design − such that:

• α(y) + β(y) ≤ 1 for all y ∈ Y;

• α(·) is decreasing and β(·) is increasing (not necessarily strictly);
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• limy→a α(y) ≥ limy→a β(y) and limy→b α(y) ≤ limy→b β(y) .

U&D Rule

Choose a starting point x1 ∈ D. At each step n ≥ 1, given the treatment Xn = dj
(j = 0, 1, . . . ,M − 1) the next level will be chosen as follows

Xn+1 = dj+1 with probability α(Yn),

Xn+1 = dj−1 with probability β(Yn),

Xn+1 = dj with probability 1− α(Yn)− β(Yn),

(3.26)

and at the extremes d0 and dM ,

Pr (Xn+1 = d1 | Xn = d0) = 1,

Pr (Xn+1 = dM−1 | Xn = dM ) = 1.
(3.27)

This design is response-adaptive and Markovian and it is easy to show that the se-

quence {Xn}n≥1 of the design points is a random walk on the state space D, with

transition probabilities

pj = Pr(Xn+1 = dj+1 | Xn = dj) = E[α(Yn) |Xn = dj ]

qj = Pr(Xn+1 = dj−1 | Xn = dj) = E[β(Yn) | Xn = dj ]

rj = Pr(Xn+1 = dj | Xn = dj) = 1− pj − qj ,

for j = 1, . . .M − 1, and reflecting barriers p0 = qM = 1.

Hence the Markov chain {Xn}n≥1 is irreducible and positive recurrent. If rj >
0, it is aperiodic with a unique stationary distribution ξt = (ξ(d1), . . . , ξ(dM )) given

by the equilibrium equations

ξ(dj) = ξ(dj−1)
pj−1

qj
= ξ(dj−1)

E[α(Y ) | dj−1]

E[β(Y ) | dj ]
, j = 1, . . . ,M (3.28)

ξ(d0) =


1 +

M∑

j=1

j∏

i=1

pi−1

qi



−1

.

Lemma 3.1 When the following condition is satisfied,

U) the sequence {pj} is decreasing and the sequence {qj} is increasing,

the stationary distribution ξ is unimodal with mode dK , where

K = max {j ∈ {2, . . . ,M − 1} such that pj−1 > qj} .

The proof of this lemma can be found in Durham and Flournoy (1994) and Gio-

vagnoli and Pintacuda (1998).

What assumptions ensure that condition U) of Lemma 3.1 holds true?

Lemma 3.2 A sufficient condition on the statistical model to ensure U) is that Y be

stochastically increasing with respect to its expectation E[Y | ·].
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Proof In this case E[Y | x] = Q(x) is a strictly increasing function of x, so Y is

stochastically increasing in x. Then α(·) decreasing and β(·) increasing imply that

E[α(Y ) | x] is a decreasing function of x and E[β(Y ) | x] is increasing in x (see

Ross (1996)).

The requirement of Lemma 3.2 is very strong, however it is satisfied by com-

mon distributions, like the binary, binomial, Poisson, exponential and homoscedastic

normal cases.

Under condition U), for any pre-specified Γ, the design can be made to target the

unknown x(Γ) such that Q(x(Γ)) = Γ, as follows.

Proposition 3.4 For any given Γ ∈ I, let the generating functions α(·) and β(·) be

chosen so that

E[α(Y ) | Q(x) = Γ] = E[β(Y ) | Q(x) = Γ] (“targeting condition”) (3.29)

then

dK−1 < x(Γ) ≤ dK+1, (3.30)

where x(Γ) is the target. This means that mode dK of the stationary distribution is

within one level from the target.

We now turn the attention to the asymptotic behaviour of the design. Let πjn =
Njn/n be the proportion of allocations to dj after n steps; from the Strong Law of

Large Numbers for Markov chains we have

lim
n→∞

πjn = ξ(dj) a.s. ∀ j = 0, 1, . . . ,M. (3.31)

Thus, for n sufficiently large the mode of the empirical distribution πn =
(π0n, π1n, . . . , πMn) is a valid candidate as an estimator of x(Γ). Some of its prop-

erties are discussed in Giovagnoli and Pintacuda (1998).

3.6.2 A special case: Binary responses

The U&D was first introduced in the case when the responses are binary and at each

stage only one unit is observed, so that Y = {0, 1} and I = [0; 1]. The Bernoulli

distributionBe(Q(x)) satisfies condition U). Without loss of generality putQ(d0) =
0 and Q(dM ) = 1, since other cases can be reduced to this setup by applying a

straightforward linear transformation of Q(·). The transition probabilities are

pj = α(0)(1 −Qj) + α(1)Qj ,

qj = β(0)(1 −Qj) + β(1)Qj ,

rj = 1− pj − qj .

The U&D rule (3.26) is the one proposed in Giovagnoli and Pintacuda (1998) if we

set

α(0) = α > α(1) = α′,

β(0) = γ′ < β(1) = γ,
(3.32)
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with max{α+ γ′, α′ + γ} ≤ 1 and max{α′, γ′} ≤ min{α, γ}.

Condition (3.29) becomes

α(0)− α(1)

α(0)− α(1) + β(1)− β(0)
= Γ.

Among the special cases is the DF rule introduced in Chapter 1

α(0) = min

(
Γ

1− Γ
, 1

)
, α(1) = 0

β(0) = 0, β(1) = min

(
1− Γ

Γ
, 1

) (3.33)

which satisfies condition (3.29).

Example 3.6 Consider the functionQ(x) = x2 in [0, 1] to be the probability of pos-

itive response. Let the set D of available treatment levels be the sequence of values

0, 0.1, 0.2, . . . up to 1. We seek the quantile that corresponds to probability Γ = 0.2
of positive response, which means x(0.2) = 0.45. With the DF rule the transition

probabilities p, q, r and the stationary distribution are given in Table 3.2.

TABLE 3.2: Transition probabilities p, q, r and stationary distribution of the DF rule.

Treatment level Q(x) p q r ξ
0.0 0.00 0.25 0.00 0.75 0.000
0.1 0.01 0.25 0.01 0.74 0.012
0.2 0.04 0.24 0.04 0.72 0.076
0.3 0.09 0.23 0.09 0.68 0.203
0.4 0.16 0.21 0.16 0.63 0.289
0.5 0.25 0.19 0.25 0.56 0.243
0.6 0.36 0.16 0.36 0.48 0.126
0.7 0.49 0.13 0.49 0.38 0.041
0.8 0.64 0.09 0.64 0.27 0.008
0.9 0.81 0.05 0.81 0.14 0.001
1.0 1.00 0.00 1.00 0.00 0.000

The stationary distribution has a peak at x = 0.4, which is a good approximation

of the quantile of interest.

3.6.3 A special case: Binomial responses

Essentially, this is the Randomized Group U&D introduced in Baldi Antognini et al.

(2008): at each step n we observe binary responses from m units and the proba-

bilities of increasing or decreasing the treatment level are functions of the number

Yn of observed successes. The binomial distributionBin(m,Q(x)) satisfies U). The
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properties of the algorithm depend on the choice of the generating functions α(·) and

β(·), and several possible choices are discussed in Baldi Antognini et al. (2008). For

instance with the following stepwise functions

α(y) =

{
α, y ≤ s

0, otherwise
and β(y) =

{
β, y ≥ t

0, otherwise
y ∈ [0,m],

where s and t are integers 0 ≤ s < t ≤ m, we obtain a randomized version of

the Group U&D by Gezmu and Flournoy (2006), namely at each step the level is

increased with probability α > 0 if the number of positive responses is ≤ s, whereas

it is decreased with probability β > 0 if the number of positive responses is ≥ t; s
and t must satisfy the targeting condition

α

s∑

k=0

(
m

k

)
Γk(1 − Γ)m−k = β

m∑

k=t

(
m

k

)
Γk(1− Γ)m−k. (3.34)

Gezmu and Flournoy (2006)’s Group U&D experiments are obtained when α = β =
1, and therefore are deterministic. One drawback is that, for a given target probability

Γ, there might not exist integers m, s and t such that condition (3.34) is satisfied.

Randomizing the experiment with α and β overcomes this difficulty.

Example 3.7 One example of Group U&D design is the experiment with m = 3,

s = 0 and t = 2 suggested by Storer (2005), similar to the so-called standard method

adopted in Phase I clinical trials (Korn et al., 1994). By substituting these values in

(3.34) and solving with respect to Γ we get Γ = 0.347, thus Storer’s experiment is

targeted approximately on Γ = 34%.

Example 3.8 The so-called geometric U&D or “k-in-a-row”(KR), introduced by

Wetherill et al. (1966) and revisited by Oron and Hoff (2009), also falls within this

type of experiment. Assuming binary responses, a KR experiment starts at an arbi-

trary level, and then moves one level down following each positive response, or one

level up when observing k consecutive negative responses, all at the same level. We

can think of it as a Group U&D with m ≥ k units in each group and s = 0, t = 1,

except that when a decision about increasing or decreasing the level has already

been reached the remaining units in the group are not observed, with obvious ad-

vantages. It is easy to see from (3.34) that the KR design is associated to probability

Γ = 1 − 2−1/k. For k = 2, 3 and 4, the target quantiles are approximately x(0.293),
x(0.206) and x(0.159), respectively.

3.6.4 A special case: Normal responses

Assume that for each unit the distribution of the response Y given x is normal

with constant variance N(Q(x), σ2). This model satisfies condition U). If at each

step we observe m units, Y can be replaced by the sample mean, with distribution
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N(Q(x), σ2/m). For a given ǫ > 0, set

α(y) = αI(−∞,Γ−ǫ](y),

β(y) = αI[Γ+ǫ,+∞)(y) .

In other words, we increase the level with probability α when we observe a value ≤
Γ−ǫ and decrease it with the same probability if we observe y ≥ Γ+ǫ. The targeting

condition (3.29) becomes

Φ

(−ǫ
σ

)
= 1− Φ

( ǫ
σ

)
,

which is always satisfied ∀α ∈ (0; 1]. The transition probabilities are

pj =E[α(Yn) |Xn = dj ] = αΦ

(
Γ− ǫ −Qj

σ

)
,

qj =Pr(Xn+1 = dj−1 |Xn = dj) = α

[
1− Φ

(
Γ + ǫ−Qj

σ

)]
,

rj =Pr(Xn+1 = dj |Xn = dj) = 1− pj − qj .

(3.35)

Example 3.9 Let x ∈ [0; 1] and

Y |x ∼ N

(
1 + log

x

1− x
; 0.09

)
.

Let the set D of available treatment levels be 0.1, 0.2, 0.3,. . . up to 0.9, giving vales

of the response function ranging roughly between 0 and 2. Let the level of interest

correspond to an expectation Γ = 1.3, which implies x(1.3) = 0.67, and choose ǫ =
0.1. The algorithm moves away from the very low levels with probability practically

equal to 1. The transition probabilities p and q and the stationary distribution are

given in Table 3.3. The peak of the stationary distribution is between 0.6 and 0.7.

3.6.5 Asymptotic inference for Up-and-Down experiments

Several estimators of the target have been considered for U&D experiments. A non-

parametric one is the mode of the empirical distribution, as seen before. On the other

hand, it is also common to assume a parametric model for the functionQ(·), and con-

sider estimating the unknown target by maximum likelihood. For example Durham

et al. (1997) assumed the two-parameter logistic model or a location-scale model

for the binary response curve and analyzed the maximum likelihood estimators un-

der the DF design (Durham and Flournoy, 1994), showing that the MLEs retain the

asymptotic normality property. For any given Γ, if the generating functions α(·) and

β(·) satisfy the assumption of Proposition 3.4, by (3.30) the target x(Γ) lies in a

neighborhood of the mode dK of the stationary distribution ξ so the asymptotic pre-

cision of the MLEs at the target is highest. Furthermore, the precision increases as

the peakedness of the stationary distribution rises (see also (3.37 below). Thus, for n



Randomization procedures that depend on the responses 77

TABLE 3.3: Transition probabilities and stationary distribution of U&D with normal

responses.

Treatment levels Q(x) p q ξ
0.1 0.05 0.9999 0.0000 0.0000
0.2 0.40 0.9962 0.0004 0.0000
0.3 0.63 0.9708 0.0052 0.0003
0.4 0.82 0.8950 0.0274 0.0104
0.5 1.00 0.7475 0.0912 0.1020
0.6 1.18 0.5318 0.2277 0.3348
0.7 1.37 0.2878 0.4575 0.3891
0.8 1.60 0.0901 0.7497 0.1494
0.9 1.95 0.0060 0.9677 0.0139

sufficiently large the maximum likelihood method provides a valid estimation proce-

dure. Stylianou and Flournoy (2002) have proposed an estimate of the target based

on a linearly interpolated isotonic regression; adopting the DF, they illustrate the

performance of the proposed estimator by simulations.

Some authors prefer to estimate the whole curve Q(·) in a non-parametric way,

and thus obtain an estimate of the target. Supposing that the response Y at a given

treatment levelX = x has distribution belonging to the exponential family (1.4) with

θx = E[Y | X = x] = Q(x), at each step n, the current MLE Q̂jn of Qj is the

sample mean

Q̂jn =
Sjn

Njn
, for j = 0, . . . ,M, (3.36)

where Sjn denotes the sum of the observation that are allocated to dj up to n. From

Theorem 1.3 the following asymptotic results are easily established.

Proposition 3.5 Let Q̂n =
(
Q̂0n, . . . , Q̂Mn

)
be the MLEs of Q = (Q0, . . . , QM )

under a U&D experiment. Then as n→ ∞

• Q̂n → Q a.s.

• √
n
(
Q̂n −Q

)
→d N (0;Σ),

where

Σ = diag

(
V ar[Y |X = dj ]

ξ(dj)

)

j=0,...,M

. (3.37)

It must be pointed out that this is not an efficient approach. Unless n is very large, in

a U&D experiment some of the treatment levels will not be observed at all, and some

others will be observed a very limited number of times, thus making the estimation

of the whole curve Q(x) impossible or very approximate.
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3.6.6 On the asymptotic optimality of U&D experiments

A fully satisfactory criterion for comparing U&D experiments is at present still to

be found. Ideally, we would like to place a very large fraction of the available ob-

servations around the unknown target; for U&D designs with the same target x(Γ),
an asymptotic criterion has been suggested which compares the peakedness around

x(Γ) of the corresponding stationary distributions.

Definition 3.2 (Giovagnoli and Pintacuda, 1998) Given two U&D experiments

U&D(1) and U&D(2), both targeted on the same x(Γ), the stationary distribution

ξ(1) of U&D(1) is said to be more peaked around x(Γ) than the stationary distribu-

tion ξ(2) of U&D(2) if, for all j = 1, . . . ,M − 1,

Qj < Γ implies
ξ(1)(dj)

ξ(1)(dj−1)
≥ ξ(2)(dj)

ξ(2)(dj−1)
and

Qj ≥ Γ implies
ξ(1)(dj+1)

ξ(1)(dj)
≤ ξ(2)(dj+1)

ξ(2)(dj )
.

(3.38)

Given the asymptotic normality of the design, another criterion of interest is its

asymptotic variance, which affects the speed of convergence to stationarity.

Example 3.10 For binary responses and the U&D rule defined by Giovagnoli and

Pintacuda (1998) show that, all else being the same, the choice α(1) = β(0) = 0
improves the peakedness of the algorithm around the target. With this choice, writing

α(0) = α and β(1) = β for short, the targeting condition becomes

α

α+ β
= Γ,

so that

β =

(
1− Γ

Γ

)
α.

As to the best choice of α according to condition (3.38), it can be shown to be

α = min

(
Γ

1− Γ
, 1

)
,

i.e., the DF rule. Furthermore, Bortot and Giovagnoli (2005) have shown that the

algorithm DF can in most cases be regarded as optimal among all U&D rules for

binary responses with respect to the asymptotic variance of the treatment level fre-

quencies and to the speed of convergence to stationarity. A simulation study has

confirmed the optimality of the DF rule, which however converges very slowly, but

has also highlighted the dependence of the precision of the estimates of x(Γ) on the

starting value of the algorithm.
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3.6.7 Extensions of U&Ds

Attempts have been made to extend the U&D method in several ways.

U&D algorithms are very myopic rules insofar as the decision on the next level

is made to depend only on the most recent outcome. An alternative idea is a second-

order Markovian experiment which in theory allows greater flexibility. Second-order

U&D designs were defined by Bortot and Giovagnoli (2005) in the case of binary

responses: the next step of the algorithm is based on the outcome of the last two

observations, instead of making use of just the most recent value. More in detail:

assume 0 < Γ < 0.5. With the DF rule, when a negative response is observed the

treatment level is increased with probability α. A natural extension is to increase

the level with probability α0 if the previous observation is also negative and proba-

bility α1 if it is positive. The level is always decreased when a positive response is

observed, as in the DF design. Second-order U&Ds share some desirable properties

with the first-order ones, in particular the convergence of the empirical frequencies

to a stationary distribution with mode around the quantile of interest. Comparison

of some second-order U&D’s with the optimal first-order ones, both as regards the

stationary distribution from a theoretical viewpoint, and the precision of quantile es-

timates via simulation, have shown that higher order experiments can, with a suitable

choice of the settings, lead to a better estimate of x(Γ), but the gain is often rather

limited, at the expense of performing a more complex experiment.

In the classic clinical dose-finding setup, extensions of U&D have been obtained:

a) when the treatments have a factorial structure, e.g., combinations of two agents;

b) when one considers simultaneous outcomes, e.g., toxicity and efficacy of a drug;

c) with the introduction of covariates.

The problems mentioned in a) are tackled in general by assuming a parametric model

at the design stage for the function Q(x). Problems of type b) are usually solved by

modelling the two responses separately but considering them jointly through a utility

function (Ivanova, 2003b; Dragalin and Fedorov, 2006). About c), Ivanova and Wang

(2006) have suggested a procedure similar to U&D for stratified populations in Phase

I clinical trials. Rogatko (see for instance Babb and Rogatko (2001)) has developed a

new approach for dose escalation, called escalation with overdose control (EWOC),

which selects doses of an agent while controlling the probability of exceeding the

maximum tolerated dose. The extension of EWOC to covariate utilization permits

personalization of the dose level for each specific patient.

It must be stressed, however, that the papers just mentioned in general make use

of a Bayesian apparatus, incorporating informative prior distributions, whereas the

original idea of underlying the U&D design makes no parametric assumptions on

Q(x).
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Multipurpose adaptive designs: Step-by-step
procedures

4.1 Introduction

In the previous two chapters we have classified adaptive designs according to the

construction methods of the randomization mechanism. We now look at the motiva-

tions, usually of an ethical nature, that lie beneath a vast class of adaptive designs.

There are different ways of evaluating the usefulness of an experiment. One type of

utility, the type we have been dealing with so far, is related to the information col-

lected from the experiment, measured in terms of design optimality criteria. Another

type is related to the output, for instance one might define the utility of an experiment

in terms of the total expected outcome. Some experiments are multipurpose, aimed at

improving the expected returns as well as gathering information for inference about

the treatments.

In particular, in a clinical trial for comparing two or more treatments, the experi-

menter may have both goals in mind:

a) determining which, if any, is the superior treatment and how much better it is than

the competitors;

b) favouring the allocation of patients to the treatment that appears to be superior as

evidence about the treatment effects is gathered during the experiment.

The first is an inferential goal that reflects a possible benefit for future subjects. The

second expresses an ethical responsibility to current subjects in the study. In order

to achieve a) efficiently, b) may have to be sacrificed, and vice versa. This dilemma

is described as “individual versus collective ethics”. It is a special case of the “ex-

ploration versus exploitation”, dilemma in the multi-armed bandit problem, which

models an agent that simultaneously attempts to acquire new knowledge and opti-

mize his or her decisions based on existing knowledge. Due to its generality, this

problem is studied in wide variety of disciplines, such as engineering, game theory,

control theory, operational research, information theory, simulation-based optimiza-

tion, genetic algorithms, reinforcement learning, as well as clinical research.

In Chapter 5 we shall present global trade-off strategies for adaptive experiments

which try to maximize different utilities simultaneously, while in this chapter we

illustrate adaptive randomized allocation procedures devised for compromising be-

tween a) and b) on a step-by-step basis. It is worthwhile pointing out that the need

81
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for a compromise between different goals has already been encountered in Chapters

2 and 3 of this book, in the search for allocation procedures that combine optimality

with randomness.

This chapter starts from the well-known Play-the-Winner design for binary re-

sponse models with two treatments A and B, which has been introduced in Chapter

1: a success on a given treatment leads to assigning the same treatment to the next sta-

tistical unit, while a failure implies switching to the other treatment. The outstanding

feature of the PW design is that the allocation proportion of each treatment converges

to the relative risk of the other, so that in the long run the majority of subjects will re-

ceive the better treatment. It is a procedure with wide coverage all over the statistical

design literature (see for instance Rosenberger and Lachin (2002)) but the alloca-

tions are not randomized, so one of the randomized versions presented in Section

4.2 might be preferable for practitioners: the Biased Coin Play-the-Winner, which

combines ethics with randomization mimicking Efron’s BCD, and the Randomized

Play-the-Winner (Wei and Durham, 1978), i.e., an urn design in which more balls are

added of the type that corresponds to the treatment that either has been successful or

has not failed. This reinforces the probability of assigning the superior treatment

more frequently in the future. The Drop-the-Loser (DL) design and its generaliza-

tions are similar types of urn design with an immediate utility concern: the treatment

that has failed is penalized by subtracting some of the corresponding balls from the

urn.

There are other possible ways for generating a step-by-step compromise between

a) and b) by favouring at each step the treatment that appears to be superior. In Sec-

tion 4.3 we discuss the one introduced by Atkinson and Biswas (2005a), based on a

link function that transforms the treatment’s superiority into the amount of skewness

of its allocation probability.

A more methodological standpoint is presented in Section 4.4: when an experi-

ment faces two purposes, a way to compromise is to allow the step-by-step allocation

rule of the design to be “a compound” of the best target allocations with respect to the

relative purposes. An example for binary responses is the so-called Doubly Adaptive

Weighted Difference (DAWD) design of Section 4.4.1, due to Geraldes et al. (2006).

It applies when we would like the design to be balanced and randomized, but also

wish to favour a more ethical allocation.

In Section 4.5 we focus on a different type of urn model, the Randomly Rein-

forced Urn (RRU), which has the asymptotic property that the proportion of subjects

assigned to the better treatment tends to one almost surely. This is a desirable ethical

characteristic in clinical trials, but with some inferential drawbacks.

Section 4.6 is a reflection on the asymptotic inference made possible by the

response-adaptive designs presented in Sections 4.2 and 4.5, highlighting the dif-

ference between the RRU and the others.

For clarity of presentation, in all the sections but the last one it is assumed that

the number of treatments is just two, while Section 4.7 is devoted to showing how

the results extend to v > 2 treatments.
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4.2 Designs of play-the-winner and drop-the-loser type

These are designs motivated by immediate ethical considerations, without much con-

cern for inferential advantages.

4.2.1 The Play-the-Winner design

For v = 2 treatments and binary responses with success probabilities pA and pB
respectively, one of the most popular allocation rules is the so-called Play-the-Winner

(PW) (Zelen, 1969). The first allocation is determined by tossing a fair coin; at each

subsequent step, we assign the same treatment to the next statistical unit when a

success is observed and in case of failure we switch to the other treatment.

A formal definition of this design is

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
=Pr (δn+1 = 1 | δn, Yn)

=Ynδn + (1− Yn)(1− δn), n ≥ 1.
(4.1)

Clearly

Pr
(
δn+1 = δn | δ(n), Y (n)

)
= pAδn + pB(1 − δn)

and the Markov property

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
= Pr (δn+1 = 1 | Yn, δn) (4.2)

is satisfied by this design because of (4.1). This makes the asymptotics easier. In

particular, (4.2) makes it possible to prove (see Section 1.11.2) that the allocation

proportion of A converges to the relative risk of B, namely

lim
n→∞

NAn

n
=

qB
qA + qB

a.s. (4.3)

and conversely, so that in the long run the majority of subjects will receive the better

treatment. As already pointed out, the asymptotic allocation proportion (4.3) is often

regarded as an intuitively appealing target, but from a mathematical point of view in

some circumstances it has shortcomings that will be formally discussed in Section

5.3. Clearly, convergence to (4.3) can be achieved also by any of the randomization

methods described in Chapter 3.

The use of Play-the-Winner for clinical purposes is sometimes advocated as being

“an optimal model that minimizes the number of failures” (Chow and Chang, 2007),

however this claim is not supported by the theory. It is worth stressing that the PW

strategy is a myopic one: each time, the decision is based only on the outcome of the

most recent observation and in the long run it may be far from optimal.

In the same context, the “dual” target

pA
pA + pB

(4.4)
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may also be regarded as desirable, because it shares with (4.3) the advantage of

assigning the better treatment to the majority of subjects, but does not appear to

arise by a “natural” allocation method similar to the PW rule.

Another example of a desirable target with the same property as Play-the-Winner

is the target proportional to the odds of positive response for each treatment (see

Atkinson and Biswas (2014)), i.e.

(
pAqB

pAqB + pBqA
,

pBqA
pBqA + pAqB

)
, (4.5)

which gives a higher proportion of allocations to the better treatment than PW, since

when pA ≥ pB
pAqB

pAqB + pBqA
≥ qB
qB + qA

,

and vice versa. Similarly, another possible desirable target would be the one propor-

tional to the odds ratio

(
p2Aq

2
B

p2AqB + p2Bq
2
A

,
p2Bq

2
A

p2Bq
2
A + p2Aq

2
B

)t

, (4.6)

giving an even higher proportion of allocations to the better treatment, and so on.

4.2.2 The Biased Coin Play-the-Winner

The challenge to provide a randomized version was taken up by Wei and Durham

(1978), as we shall see in Section 4.2.3. There is, moreover, a simple way of ran-

domizing the PW design that parallels Efron’s BCD and, although not popularized

in the statistical literature, is at least useful as an example.

Suppose that a success on a given treatment leads to assigning the same treatment

to the next patient not with certainty, but with probability p ∈ [1/2; 1], while a failure

implies switching to the other treatment, with the same probability p; we let the first

allocation be to either treatment with equal probabilities. We call this design BC(p)-

PW. Efron’s BCD(p) (see Section 2.4.1) has allocation probability

Pr
(
δn+1 = 1 | δ(n)

)
=

1

2
+

(
1

2
− p

)
sgn(Dn),

which can be seen as a weighted average of the two probabilities

Pr
(
δn+1 = 1 | δ(n)

)
=

1

2
− 1

2
sgn(Dn)

and

Pr
(
δn+1 = 1 | δ(n)

)
=

1

2
,

corresponding to the balanced deterministic design and to the Completely Random-

ized one, with weights 2p − 1 and 2(1 − p), respectively. The BC(p)-PW rule too
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has an allocation probability that is a weighted average of the PW and the Com-

pletely Randomized ones , with the same weights 2p − 1 and 2(1 − p); for p = 1
we get PW, while for p = 1/2 it is CR, so BC(p)-PW is a combination of ethics and

randomization.

The BC(p)-PW is a Markovian design, since at each step n ≥ 1 the probability

of the next allocation depends only on the most recent observation. Since

Pr(Yn = 1 | δn) = pAδn + pB(1− δn),

then

Pr
(
δn+1 = δn | δ(n), Y (n)

)
= pPr(Yn = 1 | δn) + (1− p) Pr(Yn = 0 | δn)

=p [pAδn + pB(1− δn)] + (1− p) [qAδn + qB(1 − δn)]

= [ppA + (1− p)qA] δn + [ppB + (1− p)qB ] (1− δn)

=p̃Aδn + p̃B(1 − δn),

(4.7)

where

p̃A = ppA + (1 − p)qA and p̃B = ppB + (1 − p)qB. (4.8)

Definition (4.8) has the effect of “shrinking” both pA and pB towards the mid value

1/2, but preserving their ranking.

The Markov property (4.7) of this randomized design is identical to a PW with

success probabilities p̃A and p̃B . Therefore, by exactly the same arguments as for the

PW, this design will converge almost surely to the target allocation

lim
n→∞

NA,n

n
=

q̃B
q̃A + q̃B

=
(1− p)pB + pqB

(1 − p)(pA + pB) + p(qA + qB)
, (4.9)

where q̃A = 1− p̃A = pqA + (1 − p)pA and q̃B = 1− p̃B = pqB + (1− p)pB .

Thus introducing the above biased coin randomization “dampens” the long-term

effect of the PW. In the long run, a majority of units will still receive the better

treatment, but in a smaller percentage as compared to the PW target, as the following

numerical example shows.

Example 4.1 Let pA = 0.75 and pB = 0.50, the PW asymptotic allocation propor-

tion of treatment A is qB/(qA + qB) = 2/3, whereas a BC-PW with p = 3/4, say,

gives the following asymptotic target

(1 − p)pB + pqB
(1− p)(pA + pB) + p(qA + qB)

=
4

7
<

2

3
.

4.2.3 Wei and Durham’s Randomized Play-the-Winner

The randomized version of PW due to Wei and Durham (1978) is based on an urn

mechanism. Urn models, already visited in Chapter 2 as a useful device to introduce
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randomness, play an important role also in the context of response-adaptive random-

ization, by letting the number of balls added or subtracted from the urn at each step

depend on the past responses.

Suppose we have an urn with u > 0 balls of typeA and u balls of typeB. At each

step a ball is drawn at random and replaced: if it is of type j (j = A,B), treatment

j is assigned. Then the contents of the urn are updated according to the observed

response: a success of treatmentA or a failure of treatmentB leads to placing β > 0
extra balls of type A and α > 0 extra balls of type B into the urn; conversely, a

success of treatment B or a failure of treatment A leads to the addition of β extra

balls of type B and α extra balls of type A, with β > α ≥ 0. It is worth pointing out

once more that, outside the urn metaphor, u, α and β may be just real numbers and

not necessarily integers. In this way

1. each time a constant number α+ β of balls is added, so that the urn is of

a balanced type (see Chapter 2);

2. more balls will pile up in the urn of the type corresponding to the treat-

ment with more successes or fewer failures.

The analogies of this procedure with mechanisms of the reinforcement learning type

are evident.

The common notation for this design is RPW(u, α, β). A simplified version

is with α = 0, namely every time we just reinforce the probability of extract-

ing the treatment that either has been successful or, alternatively, has not failed.

RPW(u, 0, β) is the version that has become most commonly known as the Ran-

domized Play-the-Winner rule.

A formal definition of the RPW assignment rule can be given within the Gener-

alized Pólya Urn (GPU) framework of Chapter 2:

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
=

WAn

WAn +WBn
, n ≥ 1, (4.10)

where WAn,WBn denote the number of balls of type A and B, respectively, in the

urn after n assignments. If Rn(j, l) is the number of balls of type l that will be added

into the urn given the current assignment j, then

Rn(j, j) = βYn + α(1− Yn) j = A,B

Rn(j, l) = αYn + β(1− Yn) j 6= l

so that the mean reinforcement matrix, i.e., the generating matrix,

Hn =

(
βpA + αqA αpA + βqA
αpB + βqB βpB + αqB

)
(4.11)

does not depend on n, i.e., Hn = H (namely the urn process is time-homogeneous)

and it has positive entries. Thus, as shown in Chapter 2, the asymptotic results of

Athreya and Karlin (1968) hold. Indeed, using the notation of (4.8), if we let β/(α+
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β) = p, the generating matrix H in (4.11) can be rewritten as

H = (α+ β)

(
p̃A q̃A
q̃B p̃B

)
,

so that α+ β is the maximum eigenvalue of H, whose associated left eigenvector is

(
q̃B

q̃A + q̃B
,

q̃A
q̃A + q̃B

)t

.

Thus one obtains

lim
n→∞

NAn

n
=

q̃B
q̃A + q̃B

=
αpB + βqB

α(pA + pB) + β(qA + qB)
a.s. (4.12)

which is (4.9), the “shrunk” target of the BC-PW in Section 4.2.1 with p = β/(α+β).
It must be stressed that for the most common rule RPW(u, 0, β) the asymptotic

allocation proportion (4.12) becomes qB/(qA+qB), namely the RPW(u, 0, β) design

has the same asymptotic proportion of units assigned to A as the Play-the-Winner

one.

Although the RPW rule is very popular in the design literature, it has some dis-

turbing features as regards the convergence of the allocation proportion to its limit,

namely the asymptotic behaviour of NAn/n and its speed of convergence depend

in general on the values of pA and pB (Athreya and Karlin, 1968; Smythe, 1996).

Indeed, if pA + pB ≤ 3/2, the limiting distribution of the allocation proportion

NAn/n is normal, although the order of convergence as well as the asymptotic vari-

ance change depending on whether pA + pB < 3/2 or pA + pB = 3/2; while when

pA + pB > 3/2, the limiting distribution is non-normal and it strongly depends on

the initial urn composition (see e.g. Rosenberger and Lachin (2002); Matthews and

Rosenberger (1997)). This is a clear example in which the use of simulations based

on Method ii) discussed in Section 1.14 to investigate the asymptotic properties of

the design may lead to wrong conclusions. Indeed, it might be erroneous to extrapo-

late the asymptotic behaviour of this design from simulations based on the estimated

values of pA and pB alone, since the very convergence depends on the true treatment

effects.

One may also wonder about comparing RPW(u, α, β) and BC(β/(α + β))-PW,

since they share the same limiting allocation (4.12). There is a remarkable differ-

ence from the viewpoint of the design process {δn}n∈N. In the BC-PW, {δn}n∈N is

Markovian; at each step only the most recent allocation and response matter, whereas

for the RPW(u, α, β) the urn composition is determined step-by-step by the entire

past history of the experiment.

4.2.4 Drop-the-Loser and Generalized Drop-the-Loser

Another important randomized rule based on a similar idea is the so-called Drop-the

Loser. In general, a “drop-the-loser” design is one that permits dropping the infe-

rior treatment arms. Typically, this procedure is performed in two stages: at the end
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of the first stage the arm or arms deemed to be inferior will be dropped, based on

some pre-specified criterion; then the winners will proceed to the next stage. These

designs are also called “Pick-the-winner” (Simon and Simon, 2013). Not much in-

depth analysis of them exists so far, so in this book we focus instead on a modified

version, also called “Drop-the-Loser”, suggested by Ivanova et al. (2000), see also

Ivanova and Flournoy (2001) and Ivanova (2003a), particularly attractive due to its

small variability.

Ivanova’s Drop-the-Loser (DL) is an urn design for binary response models

where the probability of assigning a treatment decreases when the treatment fails.

In the DL rule, instead of adding balls to the urn to reward successful treatments,

balls are removed when failures are observed. Clearly this might lead to the extinc-

tion of a type of ball after a while, namely dropping a treatment arm forever, which is

not the intention of this design. Thus a refurbishment mechanism is also introduced.

More precisely, consider an urn containing three types of balls: balls of types A
and B representing the two treatments and balls of type O, called immigration balls.

We start with wO , wA andwB balls of typeO, A andB, respectively. At each step, a

ball is drawn at random. If a ball of type A or B is selected, the corresponding treat-

ment is assigned and the response is observed. If the treatment is a failure, the ball

is not replaced. If it is a success, the ball is replaced and consequently the urn com-

position remains unchanged. If an immigration ball (type O) is selected, no subject

is treated, and the ball is returned to the urn together with two additional treatment

balls, one of each treatment type. This procedure is repeated until a treatment ball

is drawn and the subject treated accordingly. No immigration ball is ever added to

the urn. With this type of design, care should be exerted in defining what is meant

by stage k of the experiment, as the number of steps no longer corresponds to the

number of treatment allocations, but only to the number of times balls are extracted.

In other words, if Ñjm is the number of allocations of treatment j (j = A,B) up to

the first m extractions, it is no longer true that ÑAm + ÑBm = m, since the number

of treated subjects is ≤ m.

The DL is evidently an adaptive randomized design. The following asymptotic

result is proved by Ivanova (2003a):

lim
m→∞

ÑAm

ÑAm + ÑBm

=
qB

qA + qB
in probability, (4.13)

which is similar, but not equivalent, to (4.3). Furthermore, Ivanova (2003a) shows

that

√
ÑAm + ÑBm

(
ÑAm

ÑAm + ÑBm

− qB
qA + qB

)
→d N(0;σ2

DL ), (4.14)

with

σ2
DL =

qAqB (pA + pB)

(qA + qB)
3 .

We point out that the convergence in (4.14) has a different interpretation with respect
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to the asymptotic normality of the allocation proportion discussed in Chapter 3. In-

deed, let τn be the number of balls that are extracted in order to allocate the first n
subjects to the treatments, then τn = n+

∑n
i=1Oi, where Oi denotes the number of

immigration balls that have been drawn for allocating the ith statistical unit, so that

NAn = ÑAτn , but the random nature of τn is not taken into account by (4.14).

Sun et al. (2007) have suggested the following extension of the DL rule, called

Generalized Drop-the-Loser, also providing a general asymptotic framework by

which it is possible to derive the almost sure convergence of the allocation propor-

tion to the target and its asymptotic normality (instead of (4.13) and (4.14) as shown

below).

Suppose that the balls are the same as above, namely two types corresponding to

the treatments and one to immigration. When an immigration ball (typeO) is drawn,

no treatment is assigned and the ball is returned to the urn along with aj > 0 type

j treatment balls (j = A,B); aj is not necessarily an integer. This step is repeated

until a treatment ball is drawn. When a treatment ball is drawn, the unit is assigned

to that treatment. Let Yn be the observed outcome of the nth unit that is assigned to

treatment j. Then a random number Rn(j; j) of balls of type j are added to the urn,

with Rn(j; j) an increasing function of Yn.

For aA = aB = 1 and Rn(j; j) = 0 or −1, according to whether we observe

success or failure, we get DL as a special case.

If the urn process is time-homogeneous (i.e., E[Rn(j; j)] does not depend on n)

with −1 < E[Rn(j; j)] < 0, the authors prove that

lim
n→∞

NAn

n
=

aA/qA
aA/qA + aB/qB

, a.s. (4.15)

and furthermore

√
n

(
NAn

n
− aA/qA
aA/qA + aB/qB

)
→d N(0;σ2

GDL ), (4.16)

where

σ2
GDL =

aAaBqAqB (aBpA + aApB)

(aBqA + aAqB)
3 .

Thus, σ2
GDL (and therefore σ2

DL) is a measure of the design variability and, from

Chapter 3, it follows that the GDL attains the lower bound for the asymptotic variance

(3.4) of a design targeting
aA

qA
aA

qA
+ aB

qB

.

To avoid possible confusion, we stress that this lower bound refers to an asymptoti-

cally normal design converging to the given target (see Section 3.3).

Hu and Rosenberger (2006) have made a comparative study of the RPW and the

DL rules for different values of pA and pB based on simulations with n = 100 and

n = 1000 (see Tables 8.1 and 8.2 of Hu and Rosenberger (2006)). By comparing the

asymptotic and simulated means of n−1Nin and the asymptotic and simulated vari-

ances of n−1/2Nin, their study yields results favouring the adoption of the DL rule.
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The DL design is much praised in the literature (for instance in Hu and Rosenberger

(2006)) for its small variability, which implies higher statistical power for statistical

treatment comparison.

Suitable choices of aA and aB would make it possible to converge to any given

target proportion. However, in that case aA and aB might depend on the unknown

parameters, i.e., aj = aj(pA, pB) (j = A,B), and thus would have to be estimated

each time by âjn = aj(p̂An, p̂Bn). In this case, suitable assumptions on the rate of

convergence of âjn → aj guarantee that (4.15) and (4.16) continue to hold.

Delayed responses may be allowed for by delaying the possible addition of balls

to the urn until the subject’s response is observed, while continuing to extract from

the urn (Zhang et al., 2007a).

4.2.5 Further extensions of the PW design

Several other randomized extensions of PW have been suggested in the literature, like

the success-driven designs to be discussed in Section 4.5, where balls of the same

type are added in case of success and failures are ignored, and the Failure-Driven

Designs (FDD) where β balls of the opposite type are added in case of failure. A

description of the latter, as well as several numerical comparisons with the classical

RPW and with DL, can be found in Atkinson and Biswas (2014), without formal

properties. It is easy to see that the mean reinforcement matrix of the FDD is

Hn =

(
0 βqA
βqB 0

)
(4.17)

which does not depend on n. By a similar argument to Section 4.2.3 one obtains

lim
n→∞

NAn

n
=

√
q
B√

q
A
+
√
q
B

a.s. (4.18)

This target is ≥ 1/2 when pA ≥ pB but is always less than the PW target in (4.3).

In Atkinson and Biswas (2014) it is repeatedly stated that simulations of the Failure-

Driven Design show it to be less variable than DL, but the comparison is between

designs with different targets.

The Birth-and-Death urn design (Ivanova et al., 2000) is a more general version

of Drop-the-Loser. When a treatment is successful, one ball of the same type is added

to the urn. In case of failure, one ball of the same type is taken out from the urn. Since

certain treatments can “die out” a Poisson immigration process to replenish the urn

is introduced. The Maximum Likelihood estimators of the success probabilities are

obtained, their consistency is proved and their limiting distributions is obtained using

martingale theory. The authors prove that the treatment allocation ofAmay converge

either to 0, or to a random quantity, or to

1
(qA−pA)

1
(qA−pA) +

1
(qB−pB)

,

if pA < 1/2 and pB < 1/2.
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In conclusion, it is not clear wether these proposals are a substantial improvement

over the previously mentioned designs.

4.3 Bandyopadhyay and Biswas’ link-based design

In order to favour step-by-step the assignment of the treatment that appears to be

superior, Bandyopadhyay and Biswas (2001) have introduced a design for normal

homoscedastic response trials (1.8) based on a function that links the difference be-

tween the treatment effects to the ethical skewness of the allocation probability. Let

J(·) denote the cdf of a random variable that is symmetric around 0; the authors

suggest to set

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
= J (µ̂A − µ̂B) , (4.19)

so that if µ̂A > µ̂B then the probability of allocating treatment A to the next statisti-

cal unit is greater than 1/2.

In practice, the role of J(·) is to transform the treatment differences into suitably

chosen ethical targets and a very natural choice consists in assuming J as the cu-

mulative distribution function (cdf) of a normal random variable N(0;T 2), namely

setting J(x) = Φ(x/T ), where the non-negative parameter T controls the degree of

skewness of the assignments. Under this choice the design (4.19) becomes

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
= Φ

(
µ̂A − µ̂B

T

)
. (4.20)

As T increases the allocations tend to be randomized like an unbiased coin. This

design is called link-based orBB, from the initials of the authors. The authors prove

that, as n tends to infinity,

lim
n→∞

NAn

n
= Φ

(
µA − µB

T

)
a.s. (4.21)

and thus, from an asymptotic point of view,

• the majority of the subjects will be assigned to the better treatment,

• the ethical gain in favouring the better treatment corresponds exactly to the step-

by-step bias towards the treatment that appears to be superior.

If the responses are normal homoscedastic with standard deviation σ, the choice

T =
√
2σ gives

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
→ Pr(YA > YB)

as n goes to infinity. Some numerical calculations and simulations of the properties

of this design can be found in Atkinson and Biswas (2014).
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As discussed by Bandyopadhyay and Biswas (2001), a critical concern is the

choice of T , which is strictly related to both the magnitude of the treatment effects

and the importance of ethical aspects in the trial. For instance:

• when µA − µB = 0.5, the choice T = 0.3 gives an asymptotic allocation propor-

tion to A around 95%,

• for a difference between the treatment effects equal to 1, if T = 1 then

limn→∞ πn = 0.84.

Thus any choice of T could induce strongly unbalanced groups, which may be de-

sirable from an ethical point of view but could be negative for inference. Indeed, as

shown in Chapter 2, large departures from balance could induce a significant loss

of precision in terms of both i) power of the test and ii) variance of the estimated

treatment difference.

A proper choice of T can be made only if we have some a priori information

about the true values of the treatment effects, scaled with respect to the variances

of the treatment responses. Otherwise, T could itself be a function of the unknown

treatment effects: this possibility remains to be investigated.

4.4 The compound probability approach

Obtaining a design (i.e., an allocation rule) by the combination of two separate allo-

cation rules, one for each of two different purposes, is what we call the compound

probability approach. For instance, one of the two allocation probabilities that are

combined may reflect efficient inference (design optimality) and the other an ethical

concern. When the concern is threefold, for instance when it involves randomness,

optimality and ethics, a more sophisticated approach is required, possibly combining

allocation probabilities that are already combinations of allocations.

A combination of allocation probabilities can be achieved by means of any in-

creasing transformation ϕ : [0, 1]2 → [0, 1] such that

ϕ(x; y) = 1− ϕ(1 − x; 1− y), ∀ x, y ∈ (0, 1)2 (4.22)

(i.e., the same as Condition C0) of Section 3.4 in Chapter 3), so that the compound

probabilities of assigning A and B still add up to 1.

There are several ways of achieving a compound probability. Taking a weighted

average with weights whose sum is 1 is the simplest, as in the case of the BC-PW,

in which this method is used to combine ethics with randomness. Another intuitive

example is taking the product of the odds of the original allocation probabilities as

the new odds of allocating A and B.

Example 4.2 Combining the PW target qB/(qA + qB) with the dual ethical target

pA/(pA+pB) by means of this method of the odds, the result is the odds-based target

mentioned in Section 4.2.1, namely pAqB/(pBqA + pAqB).
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Both the weighted average and the odds method have the symmetry property

(4.22), but other types of mathematical mean (e.g., geometric mean, harmonic mean,

power mean) do not, so care is needed in the definition.

4.4.1 The Doubly Adaptive Weighted Difference design

The Doubly Adaptive Weighted Difference (DAWD) design by Geraldes et al. (2006)

is a compromise design for binary responses that applies when ideally we would seek

an almost balanced randomized design, but also wish to favour a more ethical alloca-

tion of patients. At each step the probability of the next assignment is a compromise

between one component devised to mitigate imbalance and another devised to skew

the allocations towards the better treatment in a way that takes into account the dif-

ference in treatment effects, similarly to the skewed design of Section 4.3.

Let g(·) and h(·) be two real continuous functions with range in [0, 1], both stand-

ing for the probability of assigning treatment A at the next step; g(·) is dictated by

ethics, and is an increasing function of the estimated difference at step k of the suc-

cess probabilities pA, pB , with g(0) = 1/2; h(·) is dictated by balance and is a

decreasing function of the relative imbalance between A and B, with h(0) = 1/2.

Symmetry between the two treatments is preserved by taking

g(−x) = 1− g(x) for all x ∈ [−1, 1]

h(−x) = 1− h(x) for all x ∈ [−1, 1].

The two functions g(·) and h(·) are then combined by weights ω ∈ [0; 1) and 1− ω,

that reflect the relative importance of ethics and inference, respectively, to get the

following allocation rule:

Pr
(
δn+1 = 1 | δ(n), Y (n)

)
= ωg(p̂An − p̂Bn) + (1 − ω)h (2πn − 1) , n ≥ 2n0

(4.23)

where n0 is the number of subjects assigned to either treatment in the initial pilot

study performed to derive non-trivial estimates of the success probabilities pA and

pB .

By the continuity of g(·) and h(·), it can be proved that the asymptotic allocation

proportion to A of the DAWD design is the unique solution π∗
dawd in (0, 1) of the

equation:

π = ωg(pA − pB) + (1− ω)h (2π − 1) . (4.24)

Without any ethics or cost constraint, namely forω = 0, this design is the same as

Wei’s Biased Coin Design defined in Chapter 2, since at each step n h(·) is a function

of the relative imbalance n−1Dn = 2πn− 1. Thus any of the allocation probabilities

f(x) mentioned in Section 2.4.3 are candidates for h. As regards the function g(·), an

extreme choice is given by g(x) = 1 if x > 0, g(x) = 0 if x < 0, which corresponds

to the rationale of the PW design, where we “estimate” pA − pB > 0 when A is

successful or B fails and < 0 when B is successful or A fails. Otherwise, in the

same spirit as the link-based design (Bandyopadhyay and Biswas, 2002) discussed

in Section 4.3, we could assume a link function J : [−1; 1] → [0; 1] that translates
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the current superiority of a given treatment into a suitable skewness in its favour.

We have ruled out the possibility ω = 1, but it is true to say that as ω → 1, the

allocation is based almost entirely on the estimated difference between the success

probabilities, obtaining in this way an analogue for binary responses of the skewed

design of Bandyopadhyay and Biswas (2002) for normal ones.

There is very little discussion in Geraldes et al. (2006) about the choice of the

weights ω and 1− ω. We postpone any considerations on this choice to Chapter 5.

Example 4.3 If we take the functions g(·) and h(·) to be linear by letting

h(x) =
1− x

2
and g(x) =

1 + x

2
,

then from (4.24) there follows that

lim
n→∞

NAn

n
=

1

2
+

ω

2− ω

(pA − pB)

2
.

In particular, for ω = 1/2, the asymptotic allocation proportion of treatment A is

π∗
dawd =

1

2
+
pA − pB

6
.

4.4.2 Atkinson and Biswas’ skewed DA-optimum Biased Coin Design

Another design obtained through the same compound probability approach is the

skewedDA-optimum Biased Coin Design for the homoscedastic normal model given

by Atkinson and Biswas (2005b). This is a compromise between minimizing at each

step the variance of the estimated treatment difference, while at the same time pre-

serving a suitable degree of randomness, and favouring the allocations to the better

treatment. The idea of Atkinson and Biswas (2005b) is to combine the randomized

allocation rule of the DA-optimum Biased Coin Design modified according to the

suggestion of Ball et al. (1993) (see Section 2.6), with (4.20), the ethically skewed

rule of Bandyopadhyay and Biswas (2001).

The allocation-adaptive design of Ball et al. (1993) assigns treatment A to the

(n+ 1)st unit with probability

Pr
(
δn+1 = 1 | δ(n)

)
=

(
1 + NBn

nNAn

) 1
ζ

(
1 + NBn

nNAn

) 1
ζ

+
(
1 + NAn

nNBn

) 1
ζ

, (4.25)

where ζ is a non-negative parameter that controls randomization, and Atkinson and

Biswas (2005b) obtain the following allocation probability:

Pr
(
δn+1 =1 | δ(n), Y (n)

)
=

Φ
(

θ̂A−θ̂B
T

)(
1+ NBn

nNAn

) 1
ζ

Φ
(
θ̂A−θ̂B

T

)(
1+ NBn

nNAn

) 1
ζ

+Φ
(
θ̂B−θ̂A

T

)(
1+ NAn

nNBn

)1
ζ

.
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This type of compound probability corresponds to taking the product of the odds of

the original allocations as the new odds of allocating A and B. The convergence of

the allocations proportion of A is to the target

Φ

(
θA − θB

T

)
.

The properties of this design have been investigated by the authors mainly by means

of numerical studies.

4.5 Randomly Reinforced Urn designs

So far, the designs of this chapter are for binary or normal responses and share the

property that the allocation proportion converges to a target which is strictly between

0 and 1 for all the treatments. There is a different type of randomized adaptive design

obtained by means of an urn model, the so-called Randomly Reinforced Urn (RRU) in

which the proportion of patients allocated to the better treatment in the long run will

approach 1 almost surely. RRU designs for experiments with binary outcomes were

introduced by Durham and Yu (1990) as a modification of the Randomized Play-

the-Winner (RPW) scheme. One major feature of the RRUs is to be success-driven,

namely to reward only successful treatments, in other words balls are not added to

the urn if the treatment is a failure. The designs have been extended to experiments

with continuous responses by Beggs (2005) and Muliere et al. (2006b). A very clear

overview is given by Flournoy et al. (2012), and we follow their presentation.

Let the statistical model for the response be a member of the exponential family,

as in Chapter 1. We introduce a real non-negative measurable bounded functionH(y)
on the range of the outcomes, which quantifies a reward obtained from the response

y.

Example 4.4 For binary outcomes, the reward could also be 0 for failure or 1 for

success, so that H(y) = y. More generally, H can be the identity function when the

distributions of Y conditional on the treatments are non-negative and have bounded

support. In typical applications with normal responses, H(·) will be taken to be a

monotonic function.

To define RRU, consider an urn initially containing wA > 0 balls of type A and

wB > 0 balls of type B. At each step k, the extracted ball is replaced in the urn

together with H(Yk) additional balls of the same type. After n steps, the probability

of assigning each treatment is proportional to the number of balls of that type in the
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urn, namely

WAn = wA +
n∑

k=1

δkH(Yk),

WBn = wB +

n∑

k=1

(1 − δk)H(Yk).

The quantities WAn and WBn stand for the cumulated observed responses (trans-

formed by H) to treatments A and B respectively, augmented by the initial number

of balls of that type in the urn.

Let mA and mB be the expected urn reinforcements, i.e.,

mA =

∫
H(y)LA(dy) and mB =

∫
H(y)LB(dy),

where LA and LB are the distributions of the outcomes under treatment A and B
respectively. A fundamental result proved by Li et al. (1997) for dichotomous re-

sponses and extended to general responses by Beggs (2005), Muliere et al. (2006b)

and Aletti et al. (2009) is

if mA > mB, then lim
n→∞

WAn

WAn +WBn
= 1 a.s.

Not surprisingly, the proportion of subjects allocated to A and B has the same limit

as the urn composition (see May and Flournoy (2009)), namely

if mA > mB, then lim
n→∞

NAn

n
= 1 a.s.

Furthermore, if mA > mB then there exists a random variable η, almost certainly

finite, such that

lim
n→∞

NBn

nmB/mA
= η2 a.s. (4.26)

To apply this in clinical trials, suppose that conditionally on treatment A the re-

sponses have mean µA and on treatment B have mean µB , and suppose that A is

preferred to B if µA > µB . If we choose a function H(·) such that mA > mB if

and only if µA > µB and mA = mB if and only if µA = µB , then the RRU de-

sign allocates subjects to the superior treatment with probability converging to one

as n goes to infinity. Hence these designs are asymptotically very desirable from an

ethical point of view. However, for any given sample size RRU tends to generate

strongly unbalanced groups and the inferential procedures for comparing treatment

effects based on these designs are usually characterized by very low power . Besides,

from an asymptotic viewpoint, there is a clash with the requirement of randomness

in the allocation process, which limits its applicability in practice. For these reasons,

the reinforcement scheme of the urn has been modified by Aletti et al. (2013) to

construct a design that asymptotically targets an allocation proportion ρ very near
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the optimal ethical target but lying in (0, 1), and this urn model has been called the

Modified Randomly Reinforced Urn.

Simulations carried out for binary and normal responses show that the conver-

gence of the RRU design to the optimal ethical target is typically slow and in finite

samples the variability of the number of patients allocated to the superior treatment

is high. It is clear that different choices of the function H(·) lead to different prop-

erties for the RRU design, in terms of the distributions of allocations and rate of

convergence.

When the two treatments are equivalent, that is µA = µB , then mA = mB and

the sequence {
Zn =

WAn

WAn +WBn

}

n∈N

converges almost surely to a random limit Z∞ in [0, 1] (Muliere et al., 2006a), whose

distribution is generally unknown; this (random) limit proportion is not concentrated

in any point mass and

lim
n→∞

NAn

n
= Z∞ a.s.

4.6 Asymptotic inference for multipurpose designs

For all the designs discussed in this chapter, apart from RRU, the proportion of allo-

cations to treatment A converges to a quantity strictly between 0 and 1, so that the

statements of Theorem 1.3 hold true. The strong consistency and asymptotic normal-

ity of the MLEs of the parameters of interest is established.

For the DAWD, Geraldes et al. (2006) also show that estimators of pA and pB
which are “sufficiently close” to the MLEs, namely the sample proportions, like the

“Bayesian” estimators

p̂An =

∑n
k=1 δkYk + 1

NAn + 2
and p̂Bn =

∑n
k=1(1− δk)Yk + 1

NBn + 2
,

or the Wilson estimators

p̂An =

∑n
k=1 δkYk + 2

NAn + 4
and p̂Bn =

∑n
k=1(1− δk)Yk + 2

NBn + 4
,

are strongly consistent and asymptotically normal.

For RRU designs, when mA 6= mB , the allocation proportion to treatment A
converges to 0 or 1 so that Theorem 1.3 cannot be applied. Notwithstanding the fact

that in an RRU design the conditional probability of allocating the nth subject to

the inferior treatment converges to zero, the random numbers of subjects NAn and

NBn both converge to infinity almost surely, as the total number n of subjects goes

to infinity. This result, proved in May and Flournoy (2009), permits the develop-

ment of asymptotic inference for RRU designs. Consider the estimation of the means
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(µA, µB) and the variances
(
σ2
A, σ

2
B

)
of the responses to the treatments. May and

Flournoy (2009) have considered the following estimators:

µ̂An =

∑n
k=1 δkYk
NAn

and µ̂Bn =

∑n
k=1(1− δk)Yk

NBn
,

and

σ̂2
An =

∑n
k=1 δk (Yk − µ̂An)

2

NAn
and σ̂2

Bn =

∑n
k=1(1− δk) (Yk − µ̂Bn)

2

NBn

and proved that they are strongly consistent for (µA, µB) and
(
σ2
A, σ

2
B

)
respectively.

They have also proved that, both when µA = µB and when µA 6= µB , as n→ ∞
(√

NAn

σA
(µ̂An − µA),

√
NBn

σB
(µ̂Bn − µB)

)t

→d N(0, I2).

To test

H0 : µA = µB versus H1 : µA > µB

a possible test statistic is

ζn =
µ̂An − µ̂Bn√
σ̂2
An

NAn
+

σ̂2
Bn

NBn

,

which under H0 is asymptotically normal. When the alternative hypothesis is true,

the distribution of the test statistic ζn is a mixture of normal distributions, namely

the conditional distribution of ζn given the random variable η defined in (4.26) is

asymptotically normal with

N

(
η
√
nmB/mA

(
µA − µB

σA

)
; 1

)
.

4.7 Extensions of the step-by-step strategies to the case of several

treatments

Most of the designs presented so far in this chapter have a counterpart for v > 2
treatments. Either all the treatments are equivalent, or some of them − typically just

one − will be the best. Favouring the allocation to the treatment or treatments that

appear to be superior during the experiment while gathering information about all the

effects is a desirable goal in this case too. Nothing very much changes for estimation

of the parameters, but with more than two treatments, there is now a large number

of hypotheses that one may want to test, concerning equalities versus inequalities

among the treatment effects, or among a control treatment and all the other ones.

Typically, these will involve contrasts among the parameters, i.e., they correspond to



Multipurpose adaptive designs: Step-by-step procedures 99

testing whether a linear transformation of the parameters is equal to 0 or different, or

whether it is equal to 0 or greater.

For binary responses let the treatments be Tj (j = 1, . . . , v) with probabilities of

success 0 < pj < 1. Wei (1979) has extended the Play-the-Winner rule to this case

introducing the Cyclic Play-the-Winner. The v treatments are ordered in a cyclic way:

after each success we treat the next unit in the same way, after each failure we switch

to the next treatment. This is still a Markovian design, with convergence

lim
n→∞

Njn

n
=

1/qj∑v
k=1 (1/qk)

a.s. ∀j = 1, . . . , v. (4.27)

In all the urn-based designs, the definition of the allocation rule extended to v > 2
treatments (see also Chapter 2) clearly is

Pr
(
δj,n+1 = 1 | δ(n), Y (n)

)
=

Wjn

W1n + . . .+Wvn
, n ≥ 1,

for j = 1, . . . , v. The addition rule is now expressed by a v × v-dim matrix

Rn = (Rn(j, l))j,l=1,...,v ,

specifying the number of balls of type l that will be added into the urn given the

current assignment on treatment j. For the RPW, Wei (1979)’s definition is adding

v − 1 balls of the same type when the treatment is successful and one ball for each

of the other types when it is a failure. In this case the convergence of the treatment

allocation proportions is to the same target (4.27). For DL and GDL, the extension

of the definition is straightforward and the convergence result is

lim
n→∞

Njn

n
=

aj/qj
a1/q1 + . . .+ av/qv

, a.s. ∀j = 1, . . . , v. (4.28)

Link function-based adaptive designs have been extended to more than two treat-

ments by allocations proportional to

Φ

(
µ̂j − v−1

∑v
s=1 µ̂s

T

)

(Atkinson and Biswas, 2014). To obtain skewed allocations combined with efficient

parameter estimation for several treatments, Atkinson et al. (2011) introduce a vector

π∗ = (π∗
1 , π

∗
2 , . . . , π

∗
v)

t, where π∗
1 ≥ π∗

2 ≥ . . . ≥ π∗
v . They define r(j) to be the rank

of treatment effect j (j = 1, . . . , v). Clearly the ranking of the treatments is unknown

and has to be estimated at each step n by r̂n(j). The definition of the design is then

Pr
(
δj,n+1 = 1 | δ(n), Y (n)

)
=

[1 + d(j, n)]
1
υ π∗

r̂n(j)∑v
j=1 [1 + d(j, n)]

1
υ π∗

r̂n(j)

, (4.29)

with the same meaning of dA(j, n) as in Chapter 2. Noticeably, this is not an ex-

tension of the skewed DA-optimum Biased Coin Design discussed in Section 4.4.2,
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because (4.29) takes into account only the ranking of the treatments, but not how

much they differ. Under “mild conditions” the authors show the convergence of the

treatment allocations to the target
(
π∗
r(1), π

∗
r(2), . . . , π

∗
r(v)

)
.

The extension of the definition of the RRU-design to v ≥ 2 treatments is straight-

forward. For dichotomous responses Li et al. (1997) have shown that, when there is

a treatment j with a unique maximum probability of success, the proportion of allo-

cations to that treatment converges to 1 in probability. The results by Muliere et al.

(2006a) for RRU designs also work for v ≥ 2 treatments: they prove that whenever

the response distribution associated to one particular treatment dominates the re-

sponse distributions of the other treatments, the probability of assigning the superior

treatment converges to 1.



5

Multipurpose adaptive designs: Constrained
and combined optimality

5.1 Introduction

This chapter discusses methods for finding target allocations of the treatments (ei-

ther as finite sample allocations, or as asymptotic proportions to be approximated in

a large sample setup) that achieve a good trade-off between different experimental

goals. This is different from Chapters 2 and 4, in which at each step the allocation

probability is the result of a compromise between inferential optimality and random-

ness and/or ethical demands.

In this chapter we start from design criteria that formalize the experimental ob-

jectives and find targets that are optimal with respect to some compromise of the

criteria. Within this context, two different approaches are possible (see Cook and

Wong (1994)):

• constrained optimization: the target is derived by optimizing a given criterion un-

der suitable constraints on the other criteria;

• combined optimization: the target optimizes a suitably chosen compound criterion

that combines the different experimental goals by means of suitable weights.

In general the optimal target allocations derived through these approaches depend on

the unknown model parameters and therefore suitable response-adaptive procedures

(such as those described in Chapter 3) must be called for in order to converge to

them.

After recalling a few facts about the classical optimality criteria in Section 5.2,

in Section 5.3 we introduce the concept of admissibility of a target, by which we

mean a target allocation that cannot be improved simultaneously with respect to all

the criteria. We apply this idea to the two-treatment case when there are two design

measures of loss, one is inferential and the other is the percentage of units receiving

the worse treatment. Within this framework, we revisit some classical designs of the

literature and introduce new ones.

Sections 5.4 and 5.5 deal with the two major approaches aimed at combining dif-

ferent experimental goals, namely constrained optimization and combined optimiza-

tion. Either method can be applied in order to obtain “optimal” compromise targets

that are also admissible with respect to the chosen pair of criteria. The equivalence

of the two methods is hinted at in Section 5.5.3.

101
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To avoid cumbersome notation, for most of the chapter we restrict ourselves to

the case of just two treatments; the extension to several treatments is discussed in

Section 5.6.

We stress once again that, even if the main emphasis is on clinical trials, which

are special due to specific ethical concerns, the proposed methodology applies in

a more general context, e.g., under economic constraints (see for instance Elfving

(1952)).

5.2 Optimality of target allocations for two treatments

5.2.1 Inferentially optimal targets

Let A and B be the two treatments and suppose that the responses belong to the

exponential family (1.4) parameterized as in (1.17), namely assuming that

θA = E[Yi | δi = 1] and θB = E[Yi | δi = 0]

are the treatment effects. We recall the expression of the normalized information

M(θA; θB | πn) = diag

(
πn

V ar[YA]
;

1− πn
V ar[YB ]

)
; (5.1)

the optimal inferential target with respect to an inferential criterionΦ is the allocation

π∗
I = arg min

π∈[0;1]
Φ
[
M−1(θA; θB | π)

]
. (5.2)

The inferentially optimal targets for D-optimality ΦD and A-optimality ΦA (see

Table 1.1) are respectively:

π∗
B = 1/2

and

π∗
N =

√
V ar[YA]√

V ar[YA] +
√
V ar[YB ]

.

From now on we always assume “the-larger-the-θ-the better” scenario, namely

A is better than B if θA > θB . Given an optimality criterion Φ, we write

Φ
[
M−1(θA; θB | π)

]
= Φ(π) with a slight abuse of notation. Since we always deal

with convex criteria, Φ(π) is also a convex function of π and in fact in all the cases

of interest it will be strictly convex, so that there is a unique π∗
I satisfying (5.2).

Generally, limπ→0 Φ(π) = limπ→1 Φ(π) = ∞; in these cases the compara-

tive experiment degenerates to observing just one treatment, which obviously makes

treatment comparison impossible.
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5.2.2 Ethically optimal targets

We now wish to deal with design optimality for purposes other than inference and,

in particular, to introduce suitable “ethical criteria” aimed at measuring the ethical

cost of the experiment. One of the most popular criteria in use in a clinical context is

the loss due to the proportion of patients who receive the worse treatment, namely

E(π) =
{
1− π if θA > θB,

π if θA < θB.
(5.3)

This criterion is a linear function of the allocation proportion π to A (increasing or

decreasing on the basis of the inferiority/superiority of treatment A), and is clearly

minimized by assigning all the statistical units to the better treatment, so the optimal

ethical target is simply

π∗
E =

1

2
+

sgn(θA − θB)

2
. (5.4)

It goes without saying that target π∗
E is a priori unknown, it depends only on the sign

of the difference of treatment effects (but not on the nuisance parameters, even if

present). When θA = θB there is no longer a worse treatment; so (5.3) no longer

depends on the design and every target allocation could be considered as ethically

optimal.

For binary responses another possible measure of ethical cost considered by sev-

eral authors (see Rosenberger et al. (2001a)) is the total expected proportion of fail-

ures

Ẽ(π) = πqA + (1− π)qB , (5.5)

which for pA 6= pB is simply a linear transformation of E(π). To see this, let qmin =
min{qA, qB} and qmax = max{qA, qB}, then Ẽ(π) ∈ [qmin; qmax] and

Ẽ(π)− qmin

qmax − qmin
=
πqA + (1− π)qB − qmin

|pA − pB|
= E(π). (5.6)

Therefore, criterion (5.5) provides the same information about E(π) on a different

scale. The change of scale depends on the parameters.

In practice, we would most likely wish to simultaneously minimize both the eth-

ical cost and the inferential loss. However, these are in general conflicting aims. For

instance, from (1.27) and (1.30) it is evident that the ethically optimal target π∗
E in-

duces the worst possible scenario from an inferential viewpoint, leading to an infinite

loss of information. The problem is how to achieve a good trade-off between infer-

ential goals and ethical demands; we shall deal with this in Section 5.4.

5.3 Non-admissible targets

With just one optimality criterion, a treatment allocation proportion will be preferred

to another one if it improves the value of the chosen criterion. However, since target
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allocations are in general functions of the parameters γ = (γA;γB)
t, whether or

not one allocation is to be preferred to another may depend on the unknown state

of nature. With several criteria in multi-objective experiments, a given treatment al-

location will be preferred to another if it represents an improvement with respect to

at least one of the criteria, guaranteeing at the same time non-inferior performances

with respect to all the others. This introduces a preference ordering among the targets

which is clearly partial and in general two targets will not be comparable. And again,

this preference may also depend on the unknown values of the parameters.

Within this framework, Baldi Antognini and Giovagnoli (2010) have introduced

a mild condition, called admissibility, to describe target allocations that cannot be

improved upon with respect to all the chosen design criteria for all the values of the

unknown parameters.

Definition 5.1 A target π is said to be non-admissible if for some values of the

parameters γ there exist better allocations with respect to all the adopted criteria.

Thus, after choosing the appropriate design criteria in a given experimental con-

text, it is sensible to restrict our attention only to the admissible targets. More specifi-

cally, in the context of just two treatments if Φ is the chosen criterion for information

loss, a given target is admissible if there does not exist another allocation which, for

some values of the unknown parameters, is both more informative with respect to Φ
and, at the same time, has more ethical appeal.

Definition 5.2 (Baldi Antognini and Giovagnoli (2010)) An allocation π is said to

be admissible with respect to the chosen pair of criteria (Φ, E) if there does not exist

another allocation π̇ such that

Φ(π) ≥ Φ(π̇) and E(π) ≥ E(π̇) , (5.7)

for some values of γA and γB , where at least one inequality is strict.

Some remarks:

• the inferentially optimal target π∗
I in (5.2) and the optimal ethical target π∗

E in (5.4)

are always admissible, since they cannot be improved with respect to the chosen

information criterion Φ and ethical measure E , respectively;

• if θA = θB then every allocation becomes equivalent w.r.t E(·), so the admissible

target is unique and coincides with π∗
I in (5.2);

• in the context of binary trials, since criterion Ẽ in (5.5) is an increasing linear

transformation of E , a target is admissible with respect to (Φ, E) if and only if it

is admissible with respect to (Φ, Ẽ).

A necessary and sufficient condition for admissibility of a target with respect to a

pair (Φ, E) is
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Proposition 5.1 A target π is admissible with respect to (Φ, E) if and only if

(π − π∗
I) (θA − θB) ≥ 0 , ∀(γA,γB) (5.8)

where π∗
I is the optimal inferential target minimizing Φ.

The proof of Proposition 5.1 was given by Baldi Antognini and Giovagnoli (2010)

for binary responses and is identical in the more general case too. As a special case

of Proposition 5.1 we get:

Corollary 5.1 A target π is admissible with respect to the pair (ΦD, E) (D-

admissible for short) if and only if it assigns the majority of subjects to the better

treatment, i.e. (
π − 1

2

)
(θA − θB) ≥ 0 , ∀(γA,γB); (5.9)

whereas π is admissible with respect to the pair (ΦA, E) (A-admissible for short) if

and only if

(π − π∗
N ) (θA − θB) ≥ 0 , ∀(γA,γB). (5.10)

A straightforward consequence is also

Corollary 5.2 For binary responses, all targets of the form

pzA/q
t
A

pzA/q
t
A + pzB/q

t
B

(5.11)

where z and t are real numbers, are D-admissible if and only if z ≥ 0 and t ≥
0, since they assign the majority of subjects to the better treatment. They are A-

admissible if and only if z ≥ 1/2 and t ≥ −1/2, since it is easy to check that

(
pzA/q

t
A

pzA/q
t
A + pzB/q

t
B

−
√
pAqA√

pAqA +
√
pBqB

)
(pA − pB) ≥ 0, ∀(pA, pB).

Expression (5.11) above includes the target π∗
PW = qB/(qA + qB) when z = 0 and

t = 1, the “dual” target pA/(pA + pB) (z = 1 and t = 0), the odds-based target

(z = 1 and t = 1), the odds-ratio-based target (z = 2 and t = 2) of Section 4.2.1

and, for z = 1/2 and t = 0, the target allocation proposed by Rosenberger et al.

(2001a)

π∗
R =

√
pA√

pA +
√
pB

. (5.12)

When z = 1/2 and t = −1/2, target (5.11) becomes Neyman’s allocation.

Example 5.1 For binary outcomes and ΦD theD-optimality criterion, the following

results hold:

i) the Neyman allocation π∗
N is non-admissible with respect to the pair (ΦD, E),

since from (5.9) π∗
N < 1/2 when pA > pB and pA + pB > 1, namely it is

sometimes dominated by the balanced target.
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ii) the target π∗
PW is D-admissible;

iii) the target π∗
dawd discussed in Chapter 4 is D-admissible,

Example 5.2 For binary outcomes and ΦA the A-optimality criterion, the following

results hold:

i) the balanced allocation is non-admissible with respect to the pair (ΦA, E);

ii) the Play-the-Winner target π∗
PW = qB/(qA + qB) is non-admissible;

iii) the target π∗
dawd is non-admissible, since it is dominated by the Neyman target

π∗
N for some values of (pA, pB) (see Baldi Antognini and Giovagnoli (2010) for

details);

iv) the target allocation π∗
R in (5.12) is A-admissible.

Example 5.3 For normally distributed responses with µA, µB > 0,

i) the target

π =
µA

µA + µB
(5.13)

is D-admissible because it assigns the better treatment to the majority of subjects,

and is non-admissible with respect to (ΦA, E), since

if
σA
σB

>
µA

µB
> 1 ⇒ µA

µA + µB
<

σA
σA + σB

,

namely (5.13) is sometimes dominated by the Neyman allocation π∗
N ;

ii) the target

π =
µAσA

µAσA + µBσB
(5.14)

is A-admissible since from (5.10)

(
µAσA

µAσA + µBσB
− σA
σA + σB

)
(µA − µB) ≥ 0 , ∀µA, µB, σ

2
A, σ

2
B > 0;

whereas it is non-admissible with respect to the pair (ΦD, E), since it is dominated

by the balanced allocation if

1 <
µA

µB
<
σB
σA

.

As shown by Examples 5.1 and 5.2, there are target allocations that are simultane-

ously admissible with respect to different inferential criteria. In Section 5.5 we will

show how to derive target allocations that are admissible with respect to a chosen

pair of criteria.
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5.4 Multi-objective optimal targets: The constrained optimiza-

tion approach

There are two available approaches in the literature for deriving multipurpose optimal

target allocations of the treatments, namely constrained optimization and compound

optimization. Here we deal with just two experimental goals suitably formalized into

two different design criteria, which for the moment we shall keep very general, al-

though we are motivated by the case in which one is a measure of inferential loss and

the other one an indicator of ethical loss, as in Sections 5.2 and 5.3. An extension to

the case of several criteria is discussed in Clyde and Chaloner (1996).

For combination purposes, all criteria need to be standardized first, to put them

on a comparable scale. The standardized criteria Ψ1(·) and Ψ2(·) will be chosen to

lie in [0;1], namely Ψ1,Ψ2 : [0; 1] → [0; 1] will be two non-negative functions of π
to be minimized (as previously, for ease of notation we neglect the dependence on

the unknown model parameters).

Adopting a constrained optimization approach, the problem consists in finding

the allocation proportion that optimizes either criterion under a suitable constraint on

the other. From a mathematical viewpoint it is not necessary that both Ψ1 and Ψ2

be measures ranging in the same interval [0; 1], but it is important always to refer

to the standardized versions of the chosen design criteria since the adoption of non-

standardized criteria could cause some problems, as we shall discuss in Remark 5.1

and at the end of the section. Formally, the constrained optimal target π∗
C is obtained

by solving the following optimization problem:

{
minimize Ψ2(π),

subject to Ψ1(π) ≤ C,
(5.15)

where C ∈ (0; 1) is a given constant chosen in advance representing the maximum

loss of efficiency for the primary criterion, say Ψ1, that we are willing to accept (the

degenerate case C = 1 is excluded, since it corresponds to assuming just a single

design criterion). Thus, for any given choice of C the problem is i) finding the set

SC of allocations that guarantees a prescribed level of efficiency with respect to Ψ1

and then ii) finding the target that minimizes Ψ2 over SC (instead of the entire design

region [0; 1]).
Clearly, the choice of the maximum loss C for criterion Ψ1 is crucial and, even

if not explicitly stated in the optimization problem (5.15), it clearly induces a corre-

sponding weight of criterion Ψ2; thus, C should be interpreted as the relative impor-

tance of Ψ1 with respect to Ψ2.

Usually the two criteria are not exchangeable: the experimental goal expressed

by Ψ1 is often considered more important than that of Ψ2 (as, for instance, in the

classical hypothesis testing approach of Neyman and Pearson). Only in the case of

linearity of at least one of the two criteria, is problem (5.15) equivalent to minimizing

Ψ1(·) under a constraint on Ψ2(·).
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If both Ψ1 and Ψ2 are convex and differentiable functions of π, (5.15) is a convex

optimization problem and therefore the optimal solution π∗
C is unique. Indeed, since

Ψ1 is continuous and strictly convex, for any given C ∈ (0; 1) the set SC is a com-

pact subinterval of [0; 1], so that π∗
C can usually be found by standard differentiation

techniques.

Suppose now that the chosen criteria are measures of inferential loss Φ and ethi-

cal loss E , respectively, as in Section 5.2. Let π∗
I in (5.2) be the inferentially optimal

target minimizing Φ, then the standardized loss of inferential efficiency can be mea-

sured by

Ψ1(π) = 1− Φ(π∗
I)

Φ(π)
; (5.16)

whereas we can set Ψ2(π) = E(π) directly, due to the fact that the ethical loss lies

in [0; 1]. Since E(·) is linear in π, there exists a unique constrained optimal target π∗
C

satisfying {
minimize E(π),
subject to 1− Φ(π∗

I)
Φ(π) ≤ C.

(5.17)

Furthermore, this target π∗
C is always admissible with respect to the pair (Φ; E).

Indeed, since Φ is continuous and strictly convex, for any given C ∈ (0; 1) we have

that π∗
I ∈ SC ⊂ [0; 1] and therefore admissibility follows directly from Corollary

5.1, because E(π) is strictly decreasing if θA > θB and strictly increasing when

θA < θB .

Remark 5.1 Letting C̃ = Φ(π∗
I)/(1 − C), the optimization problem (5.17) can be

rewritten as follows {
minimize E(π),
subject to Φ(π) ≤ C̃.

Thus, it is also possible to take into account design criteria that are not standardized,

but if so the threshold should generally depend on the unknown parameters.

Example 5.4 Consider a trial with normal responses N(µj ;σ
2
j ) (j = A,B) and

assume thatΦD in (1.28) and E in (5.3) are the criteria of interest for information and

ethics, respectively. Recalling that the target minimizing the D-optimality criterion

is the balanced one π∗
I = 1/2, the loss of inferential efficiency can be measured by

Ψ1(π) = 1− ΦD(π∗
I)

ΦD(π)
= 1− 4σ2

Aσ
2
B[

σ2
Aσ2

B

π(1−π)

] = 1− 4π(1− π),

so that the optimization problem consists in finding the allocation proportion π∗
C

solving {
minimize E(π),
subject to (1− 2π)2 ≤ C,
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for a prescribed maximum tolerated loss of inferential efficiency C ∈ (0; 1). Due to

the constraint, SC =
[
1−

√
C

2 ; 1+
√
C

2

]
and the solution is

π∗
C =

1 +
√
C · sgn(µA − µB)

2
, (5.18)

since the ethical loss E is decreasing (respectively increasing) in π if µA > µB

(µA < µB). It is easy to show that π∗
C in (5.18) always assigns the majority of

subjects to the better treatment, namely it is admissible with respect to (ΦD; E).

Note that in Example 5.4 the optimal constrained target π∗
C depends on the un-

known parameters µA and µB only through the sign of µA − µB and not on its mag-

nitude; thus, the amount of the ethical skew depends only onC. Assuming µA > µB ,

Figure 5.1 shows the behaviour of the optimal constrained target π∗
C in (5.18) as C

varies. For instance, if we set C = 0.01 (i.e. the inferential demand is extremely

important with respect to ethics) then π∗
C = 0.55, while π∗

C = 0.75 when C = 0.25.

FIGURE 5.1: Optimal constrained target π∗
C in (5.18) as C varies in (0; 1).

As can be seen immediately, the major drawback of this approach is related to the

definition of a suitable thresholdC: ideally,C could be set to depend on the unknown

parameters; for instance, in Example 5.4 if we let C ≥ (σA − σB)
2/(σA + σB)

2

then the corresponding optimal constrained target π∗
C is also admissible with respect

to the pair (ΦA; E). However, this choice has neither a clear interpretation nor a

mathematical justification.

Example 5.5 Consider a binary response trial and let E in (5.3) and ΦA in (1.30)



110 Adaptive Designs for Sequential Treatment Allocation

be the chosen criteria. Since the inferentially optimal target is the Neyman allocation

π∗
N , then ΦA(π

∗
N ) =

(√
pAqA +

√
pBqB

)2
and therefore the optimization problem

is 



minimize E(π)
subject to 1− (

√
pAqA+

√
pBqB)

2

pAqA
π

+
pBqB
1−π

≤ C.

Thus, SC is given by




√
pAqA√

pAqA +
√
pBqB

(1− C) +
C

2
±

√
C2
(√
pAqA −√

pBqB
)2

+ 4C
√
pAqApBqB

2(
√
pAqA +

√
pBqB)




and the optimal constrained target is

π∗
C =

√
pAqA√

pAqA +
√
pBqB

(1− C) +
C

2
+

+




√
C2
(√
pAqA −√

pBqB
)2

+ 4C
√
pAqApBqB

2(
√
pAqA +

√
pBqB)


 sgn(pA − pB),

which is admissible with respect to (ΦA; E); indeed, from Corollary 5.1, it can be

shown after tedious algebra that

(
π∗
C −

√
pAqA√

pAqA +
√
pBqB

)
(pA − pB) ≥ 0, for all (pA, pB).

In the constrained approach, the choice of C is easy to interpret only when the

design criteria express measures of efficiency, whereas adopting non-standardized

indicators any choice of the threshold tends to be quite arbitrary and partially im-

proper. Several authors have suggested target allocation of the treatments derived

through non-standardized design criteria; see Rosenberger et al. (2001a), Biswas and

Mandal (2007), Tymofyeyev et al. (2007), Jeon and Hu (2010), Biswas et al. (2011)

and Sverdlov and Rosenberger (2013a). For binary response trials, Rosenberger et al.

(2001a) consider the following optimization problem

{
minimize n[πqA + (1− π)qB ],

subject to n−1
(

pAqA
π + pBqB

1−π

)
= C̃,

(5.19)

namely finding the target allocation that minimizes the total expected number of

failures, subject to a suitable constraint on the variance of the estimated treatment

difference. But the variance of the estimated treatment difference depends on the

total sample size and the unknown parameters, so every choice of C̃ should itself be

a function of n and (pA, pB).
From the constraint it follows that

n = C̃−1

(
pAqA
π

+
pBqB
1− π

)
, (5.20)
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so the authors obtain the target allocation π∗
R in (5.12). Unlike Examples 5.4 and 5.5,

the constrained optimal target π∗
R does not depend on the prescribed threshold C̃.

This is due to the fact that the effect of the constraint is incorporated into the sample

size, namely this is an optimization problem in two variables and its solution is not

just π∗
R, but the pair (π∗

R;n
∗), where from (5.20)

n∗ = C̃−1(
√
pA +

√
pB)(qA

√
pA + qB

√
pB). (5.21)

First of all observe that, since the constraint is related to the variance of the esti-

mated treatment difference, at each step n ≥ 2 (with at least one allocation to either

treatment) we have

pAqA
NAn

+
pBqB
NBn

≤ 1

4NAn
+

1

4NBn
≤ 1

2

and thus any choice of C̃ > 1/2 leads to a formal contradiction. Therefore C̃ should

be set ≤ 1/2; however, how much smaller than ≤ 1/2 should it be? From (5.21),

the optimal sample size satisfies n∗ ≤ C̃−1 (the maximum value n∗ = C̃−1 can be

obtained only if pA = pB = 1/2). For instance, if we set C̃ = 0.1, then n∗ ≃ 4 for

pA = pB = 0.9 and n∗ ≃ 7 for (pA, pB) = (0.9; 0.6); while letting C̃ = 0.05, then

n∗ ≃ 7 or ≃ 14 if pA = pB = 0.9 or (pA, pB) = (0.9; 0.6), respectively. It is evident

that these sample sizes are a long way away from guaranteeing the convergence of a

response-adaptive design implemented for targeting π∗
R. A possible way to overcome

these drawbacks is to let C̃ be a function of the unknown parameters and the sample

size, leading to a design criterion based on efficiency.

5.5 Multi-objective optimal targets: The combined optimization

approach

A combined optimization approach means specifying an appropriate compound crite-

rion that acts as a trade-off between the different criteria of interest, after standardiza-

tion. The standardized criteria Ψ1(π) and Ψ2(π) lie in [0;1]. A natural compromise

consists in taking a convex combination of them, for instance a weighted arithmetic

mean or weighted harmonic mean, with suitable weights.

Starting with the simplest scenario, we look at the following combination

Ψω(π) = (1− ω)Ψ1(π) + ωΨ2(π), (5.22)

as the compromise criterion to be minimized, where the weights ω and 1 − ω in

(0; 1) represent the relative importance of Ψ1 (e.g. the inferential loss) and Ψ2 (e.g.

the ethical loss). We rule out the degenerate cases ω = 0 or 1 corresponding to

assuming just one criterion. Instead of ω and 1 − ω it is sometimes easier to use the

odds ω/(1− ω). Thus the optimal combined target is given by

π∗
ω = argmin

π
Ψω(π)
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and if both Ψ1 and Ψ2 are strictly convex, then Ψω(π) is also strictly convex and

therefore the solution π∗
ω is unique. If in addition Ψ1 and Ψ2 are differentiable func-

tions, the optimal combined target can be found by differentiation of Φω with respect

to π, i.e., looking for a solution in (0; 1) of the equation

(
ω

1− ω

)
∂Ψ2(π)

∂π
+
∂Ψ1(π)

∂π
= 0. (5.23)

For instance, if we let E in (5.3) and Ψ1 in (5.16) be the standardized criteria of

interest, the compound criterion is

Ψω(π) = ωE(π) + (1− ω)

(
1− Φ(π∗

I)

Φ(π)

)
. (5.24)

If the function 1/Φ(π) is strictly concave, then Ψω(π) is strictly convex, so there is

a unique combined optimal target

indexkeywordsoptimal combined target π∗
ω ∈ (0; 1) solving the equation

(
ω

1− ω

)
sgn(θA − θB)

Φ(π∗
I)

+
∂ [1/Φ(π)]

∂π
= 0. (5.25)

Whatever the choice of the weight ω, the optimal combined target π∗
ω solving (5.25)

is always admissible with respect to (Φ; E). Indeed, letting

h(π) =
∂ [1/Φ(π)]

∂π
= −

[
∂Φ(π)
∂π

]

[Φ(π)]2
,

the concavity of 1/Φ(π) implies that h(·) is strictly decreasing and furthermore

h(π∗
I) = 0. Thus, from (5.23) it is quite evident that π∗

ω > π∗
I if θA > θB and

π∗
ω < π∗

I if θA < θB .

5.5.1 The choice of the weights

As regards the choice of ω and 1 − ω, they can be set as fixed constants. Otherwise,

we may want to choose them according to the true values of the unknown model

parameters, due to the fact that more attention must be paid to inference when θA
and θB are close, since it is harder to discriminate between the two treatments. Care

for the other goal could be more crucial, especially from an ethical point of view, if

the treatment effects differ in a substantial way.

If so, we shall assume ω to be a continuous function of the unknown parameters

γA and γB , i.e.,

ω = ω(γA;γB) : Ω → (0; 1) ,

satisfying the following conditions:

D1 the function ω should deal with the treatments symmetrically;

D2 ω should be non-decreasing in the absolute difference |θA − θB | between

the treatment effects.
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Generally, a suitable choice of the weight function will depend on the given applied

context. For instance, in Phase III trials the experimenters often have some infor-

mation about the treatment effects gathered from previous stages, so more attention

could be devoted to inference (provided that the ethical costs are not prohibitive, such

as severe adverse effects on patients) and ω can be chosen to be slowly increasing.

Moreover, since in clinical situations small differences between the treatment effects

are often assumed to be negligible up to a given threshold ς (the minimal clinically

important difference), and then to increase rapidly, we may assume ω(x) = 0 for

x ≤ ς and ω(x) → 1 very quickly as x grows.

Example 5.6 In a normal response trial with N(µj ;σ
2
j ) (j = A,B) with ΦD in

(1.28) and E in (5.3) the criteria of interest for information and ethics, respectively,

equation (5.25) becomes

(
ω

1− ω

)
sgn(µA − µB)

4σ2
Aσ

2
B

+
1− 2π

σ2
Aσ

2
B

= 0,

so that the corresponding optimal combined target is

π∗
ω =

1

2
+ sgn(µA − µB)min

{
1

8

(
ω

1− ω

)
,
1

2

}
. (5.26)

Note that π∗
ω in (5.26) is independent of σ2

A and σ2
B and if ω < 4/5 then

π∗
ω =

1

2
+ sgn(µA − µB)

1

8

(
ω

1− ω

)
∈ (0, 1). (5.27)

If ω ≥ 4/5, π∗
ω will assign all the subjects to the better treatment. Thus, in order to

obtain a non-degenerate optimal combined target, the ethical weight should be less

than 80%.

This raises the question of how we can choose ω in an optimal way for Example

5.6. To answer this question, we can compare π∗
ω and the balanced design π∗

I = 1/2
(that can be obtained by letting ω → 0) by taking into account the loss of inferential

efficiency associated with the D-optimality criterion, namely

Ψ1(π) = 1− Φ(π∗
I)

Φ(π)
= (1− 2π∗

ω)
2 =





[
ω

4(1−ω)

]2
ω < 4/5,

1 ω ≥ 4/5,
(5.28)

and the “ethical efficiency” measured by the relative percentage of subjects assigned

to the better treatment by π∗
ω than by the balanced design, namely

sgn(µA − µB)(2π
∗
ω − 1) =

{
ω

4(1−ω) ω < 4/5,

1 ω ≥ 4/5.
(5.29)

The ethical gain and the inferential loss for the optimal combined target defined in

(5.27) are compared in Table 5.1.
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TABLE 5.1: Percentage of relative ethical gain and of relative loss of inferential

efficiency for π∗
ω in (5.27) with respect to the balanced target as ω varies when µA >

µB .

ω π∗
ω % ethical gain in (5.29) % inferential loss in (5.28)

→ 0 → 0.5 → 0 → 0
0.1 0.51 2.8 0.1
0.2 0.53 6.3 0.4
0.3 0.55 10.7 1.2
0.4 0.58 16.7 2.8
0.5 0.63 25.0 6.3
0.6 0.69 37.5 14.1
2/3 0.75 50.0 25.0
0.7 0.79 58.3 34.0
0.8 1 100.0 100.0

From (5.28) and (5.29), both the ethical gain and the inferential loss degenerate

to 1 when the ethical weight is greater than 80%, while for ω < 4/5 the ethical gain

induced by the optimal combined target is always greater than the inferential loss,

with maximum difference at ω = 2/3. Therefore, this value of the weight could be

considered a suitable choice.

Another possibility is to let ω depend on the unknown model parameters. For

instance, for normal responses we could choose

ω =
4

5

(
1− e

− |µA−µB |√
σ2
A

+σ2
B

)
, (5.30)

so that π∗
ω 6= 0, 1. Letting µA > µB (wlog), Table 5.2 shows the behaviour of the

optimal combined target π∗
ω in (5.27) for possible values of (µA −µB)/

√
σ2
A + σ2

B .

TABLE 5.2: Values of the optimum combined target π∗
ω in (5.27) with weight func-

tion ω in (5.30).

µA−µB√
σ2
A+σ2

B

ω π∗
ω

→ 0 → 0 0.500
0.25 0.18 0.527
0.50 0.31 0.557
0.75 0.42 0.591
1.00 0.51 0.628
1.50 0.62 0.705
3.00 0.76 0.896
→ ∞ → 0.8 1.000
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5.5.2 Combined optimization approach involving efficiencies

An alternative compromise criterion based on the efficiencies (instead of the loss of

efficiencies) was suggested by Dette (1997)

Ψ̃ω(π) = ω

[
1

1−Ψ2(π)

]
+ (1− ω)

[
1

1−Ψ1(π)

]
, (5.31)

which can be seen as the reciprocal of the weighted harmonic mean of the efficiencies

1 − Ψ1 and 1 − Ψ2 (see also Baldi Antognini and Giovagnoli (2010)). Clearly Ψ̃ω

should be minimized and when Ψ̃ω(π) is a strictly convex differentiable function, the

unique solution π∗
ω can be found by standard differentiation techniques. For instance,

letting E and Φ be the usual criteria of ethical and inferential loss, the compound

criterion in (5.31) becomes

Ψ̃ω(π) = ω

[
1

1− E(π)

]
+ (1− ω)

[
Φ(π)

Φ(π∗
I)

]
,

which is strictly convex since E(·) is linear. Thus, the unique optimal combined target

π∗
ω is the solution in (0; 1) of the following equation

[1− E(π)]2
(
∂Φ(π)

∂π

)
=

(
ω

1− ω

)
Φ(π∗

I)sgn(θA − θB) (5.32)

and is admissible with respect to (Φ; E).

Example 5.7 For a binary response trial suppose that ΦD in (1.28) and E in (5.3)

are the criteria of interest. Equation (5.32) becomes

[1− E(π)]2
(
pAqApBqB(2π − 1)

π2(1− π)2

)
= (4pAqApBqB)

(
ω

1− ω

)
sgn(pA − pB)

namely

[1− E(π)]2
(

2π − 1

π2(1− π)2

)
= 4

(
ω

1− ω

)
sgn(pA − pB),

so that the corresponding optimal combined target is

π∗
ω =

1

2
+

[
(ω + 1)−

√
(3ω + 1)(1− ω)

4ω

]
sgn(pA − pB). (5.33)

This target always assigns more than half the subjects to the better treatment. If the

ethical weight ω is independent of pA and pB , π∗
ω depends just on the sign of the

difference pA − pB and not on the actual values of the treatment effects. Letting

(wlog) pA > pB , Figure 5.2 shows the behaviour of the optimal combined target π∗
ω

in (5.33) as ω varies in (0; 1).
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FIGURE 5.2: Optimal combined target π∗
ω in (5.33) as ω varies in (0; 1).

In the case of binary outcomes, if we chose Ẽ in (5.5) instead of E , the ethical

efficiency can be measured by

Ẽ(π∗
E )

Ẽ(π)
=
qmin

Ẽ(π)
,

so that the compound criterion becomes

Ψ̃ω(π) = ω

[
Ẽ(π)
qmin

]
+ (1− ω)

[
Φ(π)

Φ(π∗
I)

]
. (5.34)

This criterion is strictly convex and admits a unique minimum π∗
ω that solves

∂Φ(π)

∂π
=

(
ω

1− ω

)
Φ(π∗

I)

(
pA − pB
qmin

)
, (5.35)

and this optimal combined target is admissible with respect to (Φ; Ẽ).
Within this setting Baldi Antognini and Giovagnoli (2010) have proved a more

general result about the connection between admissibility and compound optimal

designs, showing that a target is admissible with respect to (Φ; E) (or, analogously,

(Φ; Ẽ)) if and only if it minimizes the compound criterion Ψ̃ω(π) in (5.34) for a

suitable choice of the weight function ω.

Example 5.8 In a binary response trial, let ΦA in (1.30) be the chosen inferential

criterion. The optimal combined target is obtained by solving

pBqB
(1− π)2

− pAqA
π2

=

(
ω

1− ω

)
(
√
pAqA +

√
pBqB)

2

(
pA − pB
qmin

)
. (5.36)
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Since the LHS of (5.36) is monotonic and, as π → 0 and 1, the limits are −∞ and

+∞, respectively, there is a unique solution in (0, 1). Unlike (5.33), in this case the

optimal solution depends on the actual values of pA and pB and not just on the sign

of their difference.

For any choice of ω, this combined target is clearly admissible with respect to

(ΦA; E); moreover, Baldi Antognini and Giovagnoli (2010) have shown that it is

also admissible with respect to (ΦD; E), namely the majority of subjects will receive

the better treatment if the weight function is chosen so that ω(x, y) ≥ 1/2 when

x+ y > 1.

Table 5.3 shows the values of the optimal combined targets that solve (5.36),

corresponding to fixed weightω = 1/2 (denoted by π∗
ω=1/2) and to ω = (| pA−pB |

+1)/2 (denoted by π∗
ωp

) as pA and pB vary, also compared with Neyman’s allocation

π∗
N and the PW target π∗

PW .

TABLE 5.3: Values of Neyman’s allocation π∗
N , PW target π∗

PW and the optimum

combined target π∗
ω solving (5.36) with fixed weight ω = 0.5 and ω = (| pA − pB |

+1)/2 as pA and pB vary.

pA pB π∗
ω=1/2 π∗

ωp
π∗
N π∗

PW

0.10 0.05 0.586 0.587 0.579 0.514
0.20 0.05 0.668 0.675 0.647 0.543
0.20 0.10 0.587 0.590 0.571 0.529
0.40 0.05 0.744 0.782 0.692 0.613
0.40 0.20 0.590 0.609 0.551 0.571
0.40 0.35 0.517 0.518 0.507 0.520

0.65 0.40 0.578 0.624 0.493 0.632
0.65 0.60 0.511 0.513 0.493 0.533
0.95 0.65 0.724 0.796 0.314 0.875
0.95 0.85 0.599 0.629 0.379 0.750

The targets π∗
ω=1/2 and π∗

ωp
assign more patients to the better treatment, whereas

the bottom part of Table 5.3 (outlined) shows the values of (pA, pB) for which the

Neyman target penalizes the better treatment. Clearly the values of π∗
ω=1/2 and π∗

ωp

are very close when pA ≃ pB .

5.5.3 Similarities and differences between constrained and combined

optimization approaches

As shown by several authors (see Cook and Wong (1994), Clyde and Chaloner

(1996), Baldi Antognini and Zagoraiou (2012)), constrained optimal designs and

compound optimal designs are closely related. In point of fact, under the standard

hypothesis of convexity and differentiability of the chosen efficiency measures, these

two approaches are equivalent, namely every constrained optimal target allocation

π∗
C can be viewed as the solution of a combined optimization problem with a suit-

able choice of the weights and vice versa.
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For instance, the constrained optimization problem (5.19) can be simply rewritten

as

{
minimize nẼ(π),
subject to ΦA(π) = nC̃,

i.e.

{
minimize ΦA(π)Ẽ(π)C̃−1,

subject to n = ΦA(π)C̃
−1,

that is equivalent to finding the target allocation minimizing the product ΦA(π)Ẽ(π),
since C̃ does not depend on π. Thus, the target allocation π∗

R in (5.12) could also

be viewed as the solution of a compound optimization problem with a compound

criterion given by the geometric mean of the chosen criteria (with equal weights).

Generally, the optimal target allocations derived by these approaches will depend

on:

• the chosen criteria (as well as the selected compromise function in the compound

framework);

• the relative importance of the two different goals, which must be chosen by the

experimenter;

• the unknown model parameters.

If compared with compound optimization, the constrained approach is quite difficult

to solve analytically, especially when both criteria are complicated non-linear func-

tions. Furthermore, its applicability is strictly related to the identification of a suitable

threshold C.

On the other hand, adopting the compound approach in general the optimization

problem is easy to solve. Moreover, the possibility of modeling the weight ω as

a function of the unknown model parameters introduces greater flexibility and also

allows one to obtain optimal combined target that are simultaneously admissible with

respect to both (ΦA; E) and (ΦD; E).

5.6 The case of several treatments

5.6.1 Inferential and ethical targets for v treatments

Taking now into account the case of v ≥ 2 treatments, let θ = (θ1, . . . , θv)
t be the

vector of unknown treatment effects and πn = (πn1, . . . , πnv)
t represent the alloca-

tion proportions to the treatments after n assignments, where clearly
∑v

j=1 πnj = 1.

Let the inferentially optimal target be π∗
I , namely the allocation vector minimiz-

ing Φ
[
M−1(θ | π)

]
for a suitably chosen convex criterion Φ. Of special interest is

the case of the comparison of v − 1 treatments with the remaining one (a control),

so if we set Iv to be the v-dim identity matrix and 1v the v-dim vector of ones, then

an appropriate matrix of contrasts is for instance L = [1v−1 : Iv−1]
t, the matrix

of elementary contrasts with respect to treatment T1. The contrasts can be written
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as Ltθ = (θ1 − θ2; . . . ; θ1 − θv)
t, so beside D- and A-optimality, other criteria of

interest are L-optimality and DL-optimality (see Appendix A):

ΦDL
(π) = det[LtM−1(θ | π)L] and ΦL(π) = tr[LtM−1(θ | π)L], (5.37)

namely D- and A-optimality applied to the transformed information matrix (Atkin-

son, 1982; Wong and Zhu, 2008):

LtM−1(θ | π)L =
V ar[YT1 ]

π1
1v−11

t
v−1 + diag

(
V ar[YT2 ]

π2
; . . . ;

V ar[YTv
]

πv

)
.

(5.38)

As regards the “ethical criteria”, measure (5.3) can be naturally extended to the case

of v treatment by the proportion of patients who do not receive the best treatment(s)

E(π) =
v∑

j=1

πjsgn (θmax − θj) , (5.39)

where θmax = max{θ1, . . . , θv}. Note that criterion (5.39) considers only the supe-

riority or inferiority of every treatment and does not take into account the different

ethical gains induced by the magnitude θmax − θj of the relative efficacy of each

treatment. A modified version of criterion (5.39) that is able to discriminate between

different ethical gains will be discussed in Section 6.5.

For binary responses, if we let q = (q1, . . . , qv)
t, the expected proportion of

failures is

Ẽ(π) = πtq ∈ [qmin; qmax] . (5.40)

However, contrary to (5.6), if we standardize Ẽ(π) by letting

Ẽ(π)− qmin

qmax − qmin
=

v∑

j=1

πj

(
pmax − pj
pmax − pmin

)
(with qmax 6= qmin),

it does not correspond to (5.39) since

E(π) =
v∑

j=1

πjsgn (pmax − pj) =

v∑

j=1

πj sgn

(
pmax − pj
pmax − pmin

)
,

namely Ẽ accounts for the different treatment effects by re-scaling each pj in terms

of its relative inefficacy, whereas E can only distinguish whether a given treatment is

the best one or not.

Clearly, both criteria (5.39) and (5.40) are linear functions minimized by the tar-

get π∗
E that assigns all the subjects to the best treatment; when such treatment is not

unique, π∗
E could be replaced by any convex combination of allocations to all the

best treatments.

In the case of several treatments, the following extension of Proposition 5.1

makes it easy to check the admissibility of a given target:
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Proposition 5.2 Let Φ be a strictly convex information criterion. A target π is ad-

missible with respect to the pair (ΦI ; Ẽ) if and only if

θt (π − π∗
I) ≥ 0 , ∀γ. (5.41)

Proof The ethical loss associated with the target π is θmax − ∑v
j=1 πjθj and it

must be less than or equal to the loss associated with the best target for inference

θmax −
∑v

j=1 π
∗
Iθj .

Example 5.9 For a binary response trial let pt = (p1, . . . , pv) and suppose that the

criterion of interest is D-optimality ΦD; then the inferentially optimal target is the

balanced one. Thus, an allocationπ is admissible with respect to (ΦD; Ẽ) if and only

if

ptπ ≥ v−1pt1v =
1

v

v∑

j=1

pj ,

namely if and only if π skews the allocations by favouring the treatments with success

probabilities greater than the average.

5.6.2 Combined and constrained optimal targets for v treatments

Using the analytical expressions of the inferential and ethical criteria given in Sec-

tion 5.6.1, it is possible to derive optimal target allocations of v treatments via the

constrained and combined optimization methodologies discussed in Sections 5.4 and

5.5.

Starting with the compound approach, the definitions of the criteria Ψω in (5.22)

and Ψ̃ω in (5.31) are the same, i.e.,

Ψω(π) = (1− ω)Ψ1(π) + ωΨ2(π), (5.42)

and

Ψ̃ω(π) = ω

[
1

1−Ψ2(π)

]
+ (1− ω)

[
1

1−Ψ1(π)

]
. (5.43)

As shown previously, the ethical weight ω may be fixed a priori or could be modeled

as a function of the unknown parameters θ. In the latter case, ω should be chosen so

as to to deal with all the treatments symmetrically and assumed to be an increasing

function of a suitable dissimilarity measure of the treatment effects (e.g., the range or

the variance of θ1, . . . , θv), since it is reasonable to suppose that the more the effects

of the treatments differ, the more important for the subjects is the chance of receiving

the best treatment, whereas in the case of a small difference, which is more difficult

to detect correctly, more emphasis is given on inferential precision. For instance, we

could let ω = ω(θmax − θmin) : R
+ ∪ {0} → [0; 1) be a continuous and increasing

function with ω(0) = 0 (clearly, in the case of binary trials the domain of ω(·) should

be suitably re-scaled).

As shown previously, if both criteria Ψ1 and Ψ2 are strictly convex differentiable

functions, then the optimal combined target π∗
ω minimizing the chosen compromise



Multipurpose adaptive designs: Constrained and combined optimality 121

criterion is unique and can be obtained by standard differentiation techniques. For

instance, assuming Ψω in (5.42) then π∗
ω is the solution of the set of equations

ω∇(Ψ2(π)) + (1− ω)∇(Ψ1(π)) = 0 ,

where ∇g(·) denotes the gradient of the function g(·).

Example 5.10 For binary response trials, let Ẽ in (5.40) and ΦD be the criteria of

interest. Therefore

Ẽ(π∗
E) = qmin and ΦD(π∗

I) = 2v
v∏

j=1

pjqj ,

and assuming the compound criterion (5.43), from (5.34) it follows that

Ψ̃ω(π) = ω

[
Ẽ(π)
qmin

]
+ (1− ω)

[
ΦD(π)

2v
∏v

j=1 pjqj

]

= ω

v∑

j=1

πj

(
qj
qmin

)
+ (1− ω)


2v

v∏

j=1

πj



−1

.

(5.44)

Thus the optimal combined target π∗
ω is the solution of the set of equations:





1
π1

− 1
π2

= ω
1−ω

(
q1−q2
qmin

)
2v
∏v

j=1 πj ,

...

1
π1

− 1
πv

= ω
1−ω

(
q1−qv
qmin

)
2v
∏v

j=1 πj .

(5.45)

Adopting a constrained approach, by (5.15) the problem lies in finding the alloca-

tion π∗
C that minimizes the (ethical) criterion Ψ2 for a chosen threshold C of maxi-

mum loss of (inferential) efficiency expressed by criterion Ψ1. When Ψ1 and Ψ2 are

strictly convex differentiable functions of π, this is a convex optimization problem

and therefore the Karush−Kuhn−Tucker (KKT) first order conditions are necessary

and sufficient (see for instance Boyd and Vandenberghe (2004)) to guarantee a unique

optimal solution π∗
C obtained by solving

∇(Ψ2(π
∗
C)) + κ∇(Ψ1(π

∗
C)) = 0 ,

where κ ≥ 0 is the KKT multiplier and

κ [Ψ1(π
∗
C)− C] = 0.

Example 5.11 For binary response trials, Sverdlov and Rosenberger (2013a) have

proposed a generalization of the target π∗
R in (5.12) to the case of several treatments.

Let ΦAL
in (5.37) and Ẽ in (5.40) be the criteria of interest, so that the goal is to
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minimize the total expected number of failures subject to a restriction on the trace of

LtM−1(θ | π)L given by (5.38). The optimization problem becomes

{
minimize πtq,

subject to n−1
[
(v − 1)p1q1

π1
+
∑v

j=2
pjqj
πj

]
= C̃.

(5.46)

Therefore, the unique optimal constrained target π∗
C = (π∗

C1, . . . , π
∗
Cv)

t solving

(5.46) is given by

π∗
C1 =

√
p1(v − 1)√

p1(v − 1) +
∑v

j=2

√
pj
,

π∗
Cl =

√
pl√

p1(v − 1) +
∑v

j=2
√
pj
, l = 2, . . . , v.

For v = 3 treatments with p = (0.35, 0.65, 0.01)t, the ensuing target is π∗
C =

(0.48, 0.46, 0.06)t. Adopting this constrained optimal allocation the majority of sub-

jects (around 50%) are assigned to treatment T1, even if T2 is extremely more effi-

cient. This is clearly due to the choice of the inferential criterion, since all the con-

trasts are evaluated with respect to T1, so that the importance of the first treatment

will be overestimated and this conflicts with the ethical goal. At the same time, the

proportion of assignments to T3 is very small, due to the joint effect of both ethical

and inferential skewing.
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Randomization procedures that depend on the
covariates

6.1 Introduction

Real life experiments, and in particular clinical trials, usually involve additional in-

formation on the experimental units, in the form of a set of covariates, e.g., important

prognostic factors for patients. Taking these covariates into account is of primary im-

portance for a correct inference, and it must be a fundamental concern from a design

perspective in sequential experiments as well. The literature on adaptive randomiza-

tion has been focusing the attention on this issue; see for instance Rosenberger and

Lachin (2002), Hu and Rosenberger (2006), Rosenberger and Sverdlov (2008) and

Shao et al. (2010).

Zelen (1974), Taves (1974) and other pioneering authors introduced adaptive de-

signs adjusted for covariates in order to ensure approximate balance between the

treatment arms in a set of pre-specified categorical covariates. These methods mod-

ify the allocation probabilities at each step according to previous assignments and the

characteristics of previous subjects, as well as those of the current one, with the aim

of reducing possible sources of heterogeneity and related biases. In general, these

procedures − known as minimization and stratified randomization methods − have

an intuitive appeal, and are fairly simple to implement. These designs have become

very popular and are widely used in clinical practice to this day.

The minimization methods, usually associated to the names of Pocock and Si-

mon (1975), were originally introduced by Taves (1974) in a deterministic version.

They are aimed at achieving the so-called marginal balance, namely the balance be-

tween the treatment arms within each level of every covariate. They do not assume

a formal statistical model and the allocation rule does not depend on the observed

responses. Since deterministic procedures are subject to several types of bias, the

original method was later modified introducing a random component in the alloca-

tions by means of a biased coin (Pocock and Simon, 1975; Barbachano et al., 2008)

or an urn mechanism (Wei, 1978b), of the types seen in the previous chapters. More-

over, since in practice some covariates may have a greater impact on the outcome

than others, minimization methods have been subsequently modified in order to dif-

ferentiate the role of the covariates and, consequently, the need for balance at their

various levels (Signorini et al., 1993; Heritier et al., 2005).

The stratified randomization methods, on the other hand, aim to achieve the so-

123



124 Adaptive Designs for Sequential Treatment Allocation

called joint balance, or balance within strata, i.e., balance within each combination

of the covariate levels. They generate a separate randomization sequence within each

covariate profile, usually based on Complete Randomization or Permuted Block De-

signs (Zelen, 1974; Efron, 1980; Kaiser, 2012). However, complete randomization

may induce strongly unbalanced groups, and this is particularly critical when the

number of subjects recruited in each stratum is small, i.e., in the case of small sam-

ple trials or when the number of strata is high. Also, Permuted Block Designs with

small size blocks tend to be highly predictable due to the deterministic component

inherent in them, as seen in Chapter 2.

Simulation studies performed by several authors (see for instance Pocock and

Simon (1975), Begg and Iglewicz (1980), Zielhuis et al. (1990), Atkinson (1999)

and Atkinson (2002)) have shown that both minimization methods and stratified ran-

domization can induce a significant loss of inferential precision as the number of

chosen covariates and/or their levels grows. A better understanding of the theoretical

properties of these methods is not available and might be helpful.

A different approach is to assume a statistical model and apply the methodology

of Optimal Design theory: some covariate-adaptive randomization rules have been

proposed that minimize the variance of the estimated difference between the treat-

ment effects. In particular, those suggested by Begg and Iglewicz (1980), Atkinson

(1982) and Smith (1984a) achieve balance sequentially when the model is a linear

homoscedastic one without treatment/covariate interaction. These designs are better

justified from a mathematical perspective and can be applied with qualitative and/or

quantitative covariates, but their implementation is fairly complex, since numerical

optimization algorithms are required. Moreover, their efficiency is strongly related

to the model assumptions, in particular the homoscedasticity of the outcomes, which

somewhat limits their applicability.

Yet another different viewpoint is the Covariate-Adjusted Response-Adaptive

(CARA) randomization (Rosenberger et al., 2001b; Hu and Rosenberger, 2006;

Zhang et al., 2007b). These are allocation methods that sequentially modify the treat-

ment assignments on the basis of earlier responses, earlier allocations, past covariate

profiles and the characteristics of the subject under consideration. The aim is skew-

ing the allocations towards the superior treatment or, more in general, of converging

to a desired target allocation that depends on the chosen covariates.

All the above topics are included in this chapter. Section 6.2 sets the notation

and discusses the importance of balanced designs under the assumptions of a lin-

ear homoscedastic model incorporating covariates. Section 6.3 is about the sequen-

tial methods that adapt for covariates regardless of the responses, namely minimiza-

tion, the procedures based on Optimal Design theory and the stratified randomization

mechanisms formalized in the general class of Covariate-adaptive Biased Coin De-

signs by Baldi Antognini and Zagoraiou (2011); included is Hu and Hu’s Covariate-

adaptive allocation rule, that combines in a unique framework stratified randomiza-

tion and minimization. Section 6.4 is about CARA designs. In particular, we dis-

cuss the CARA design suggested by Zhang et al. (2007b), which is an extension

of the SML design of Chapter 3 to the case with covariates, the Covariate-adjusted

Doubly-adaptive Biased Coin Design by Zhang and Hu (2009), namely a Doubly-
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adaptive BCD adjusted for covariates which at each step forces the allocations to-

wards the target, and the Reinforced Doubly-adaptive Biased Coin design (Baldi An-

tognini and Zagoraiou, 2012), namely a general class of CARA procedures for cate-

gorical covariates that converges to any pre-determined allocation proportion forcing

closeness to the target on the basis of the different representativeness of the covariate

profiles. Section 6.5 is devoted to compound optimal designs that combine efficiency

with ethical or economical gain making use of the covariates. Section 6.6 mentions

some suggestions of designs for models with covariates other than the linear ho-

moscedastic one.

To avoid cumbersome notation, in the present chapter we restrict ourselves to the

case of just two treatments, but in general the definitions and results can be extended

to any number v > 2 (see Atkinson (1982), Smith (1984a), Smith (1984b), Hu and

Rosenberger (2006) and Zhang et al. (2007b)).

6.2 Inferentially optimal target allocations in the presence of

covariates

In this section we discuss the optimality of balancing the treatment allocations when

the statistical model is a linear homoscedastic one with covariates. The meaning of

“balanced covariates” is different according to the context. In the model, the covari-

ates may or may not be assumed to interact with the treatments and, in case of more

than one covariate, may or may not be assumed to interact among themselves. These

cases must be discussed separately, in order to emphasize their implications for the

design.

6.2.1 Balanced designs for the linear model without treatment/covariate

interactions

We suppose that for each subject entering the experiment we observe a vector

Z = (Z1, . . . , Zp)
t of concomitant variables, which may be categorical (blocks)

or quantitative: thus we take each observed covariate to be identified either by a vec-

tor of dummies indicating its level, or by a numerical value ranging in an interval.

We assume the covariates to be random, i.e., they are not under the experimenter’s

control but can be measured on each unit before assigning a treatment. Then the unit

is allocated to one of the treatments according to a given deterministic or randomized

rule and the response is observed. Conditionally on the covariates and the treatments,

outcomes are assumed to be independent.

With two treatments A and B, a common model for the response is the linear

homoscedastic one

E[Yi] = δiµA + (1− δi)µB + h(zi)
tβ, V ar[Yi] = σ2, i ≥ 1, (6.1)

where µA and µB are the treatment effects, zi is the vector of covariates observed
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on the ith unit, h(·) is a known vector function which may include interactions

among the covariates and β is a d-dimensional vector of covariate effects. We also

assume the vectors Zi to be iid. Note that model (6.1) does not account for treat-

ment/covariate interactions: for each subject’s profile the difference between the

treatment effects is µA − µB , so that the superiority or inferiority of treatment A
over B is uniformly constant over the covariates (the so-called hypothesis of paral-

lelism of the treatment effects).

Suppose that n assignments of either treatment A or B have been made. Let-

ting Y = (Y1, . . . , Yn)
t, δ(n) = (δ1, . . . , δn)

t, Z(n) = (Z1, . . . ,Zn)
t and Fn =

(h(zi)
t)n×d, model (6.1) can be written as follows

E [Y] = Xγ = δ(n)µA +
(
1n − δ(n)

)
µB + Fnβ, V ar [Y] = σ2In,

where X =
(
δ(n) : 1n − δ(n) : Fn

)
and γ t = (µA, µB,β

t) denotes the vector of

unknown parameters.

Let γ̂n = (µ̂An, µ̂Bn, β̂
t
n)

t be the Least Square estimator of γ, then if (XtX)−1

exists, the full (2+d)-dim normalized information matrix of the parameter vector γ,

given the covariates and the design, is

M =




πn 0 n−1δ(n)tFn

0 1− πn n−1
(
1n − δ(n)

)t
Fn

n−1Ft
nδ

(n) n−1Ft
n

(
1n − δ(n)

)
n−1Ft

nFn


 , (6.2)

(see Example A.6 in Appendix A).

In the absence of treatment/covariate interaction, the covariates affect the treat-

ment responses in the same way for all subjects. In this case it is customary to regard

the vector β as nuisance parameter, so that the inferential interest typically lies in

estimating (µA, µB) or µA−µB as precisely as possible. Letting Lt = (I2 : 02×d),
where 0h×d denotes the (h×d)-dimensional matrix of zeroes, the optimality criteria

of interest are:

trV ar [µ̂A, µ̂B] = n−1σ2tr
(
LtM−1L

)
, (6.3)

detV ar [µ̂A, µ̂B] = n−1σ2 det
(
LtM−1L

)
, (6.4)

and

V ar[µ̂A − µ̂B ] = n−1σ2(1,−1)LtM−1L(1,−1)t, (6.5)

with M−1 replaced by the Moore−Penrose generalized inverse if needed.

The balance condition (see equations (A.9) and (A.10) in Appendix A) is now

(
2δ(n) − 1n

)t
(1n : Fn) = 01×(d+1). (6.6)

A design with this property is optimal for model (6.1) with respect to (6.3), (6.4)

and (6.5). In (6.6) the quantity btn = (2δ(n) − 1n)
t(1n : Fn) is usually called the

imbalance vector; because its first element is equal to zero, i.e.,

(
2δ(n) − 1n

)t
1n = Dn = 0,

the two treatments are globally equireplicated.
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6.2.2 Marginal balance versus joint balance

In order to clarify the different types of balances that can arise in the presence of

covariates and their properties, from now on for simplicity we take into account the

case of two covariates Z = (T,W ).
When both covariates are quantitative and in the absence of interactions, condi-

tion (2δ(n) − 1n)
tFn = 01×d means the equality of the sums of the covariates in

the two arms, so (6.6) ensures that for each covariate the averages in the treatment

arms are the same. In the presence of interactions, it also implies the equality of the

covariances in the two arms.

As regards categorical covariates, suppose that T is categorized into (J + 1)
levels t0, t1, . . . , tJ , so T can be represented by a J-dimensional vector T of dummy

variables; similarly, let w0, w1, . . . , wL be the levels ofW , which can be represented

by a L-dimensional vector W of dummies. Under this parametrization t0 and w0

are the so-called reference categories, namely every effect must be interpreted with

respect to the (null) reference effect of t0 and w0. In this setting each stratum will be

denoted by (j, l), while we use tj and wl for the two margins to avoid ambiguities

(for j = 0, . . . , J and l = 0, . . . , L).

Assume either

h(z)t = (Tt,Wt)

or

h(z)t = (Tt,Wt,Tt ⊗Wt), (6.7)

on the basis of the absence or presence of all the interactions among covariates,

respectively. After n assignments, let Dn(tj) be the difference between the number

of subjects assigned to A and those assigned to B within the level tj of T (j =
0, . . . , J) and, similarly, let Dn(wl) represent the imbalance between the two arms at

the categorywl of W (l = 0, . . . , L). Moreover, let Dn(j, l) be the imbalance within

the stratum (j, l) (j = 0, . . . , J and l = 0, . . . , L). In the absence of interactions,

condition (6.6) becomes

bt
n = (Dn, Dn(t1), . . . , Dn(tJ), Dn(w1), . . . , Dn(wL)) = 01×(J+L+1) ,

stating that A and B are equally replicated at every level of each covariate, namely

the so-called marginal balance. On the other hand, under (6.7) the imbalance vector

is

bt
n = (Dn, Dn(t1), . . . , Dn(tJ ), Dn(w1), . . . , Dn(wL), Dn(1, 1), . . . , Dn(J, L))

and thus (6.6) means that the two treatments are equireplicated also within every

stratum, i.e., the joint balance, which implies the marginal one.

Clearly, when the model is not full, then bn contains all the imbalance terms cor-

responding to the interactions that have been included. The notation and the interpre-

tation are similar if one of the covariates is quantitative and the other is categorical.

Inferential criteria (6.3) and (6.4) can be rewritten, respectively, as

trV ar [µ̂A, µ̂B] =
σ2

n

(
1− Ln

n

)−1

(6.8)
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and

detV ar [µ̂A, µ̂B] =
4σ4

n (n− 1t
nFn(Ft

nFn)−1Ft
n1n)

(
1− Ln

n

)−1

, (6.9)

where the only term that depends on the design is

Ln = btn

(
n 1t

nFn

Ft
n1n Ft

nFn

)−1

bn , (6.10)

which measures the loss of precision associated with an experiment involving n sta-

tistical units (see Section 2.3.1 in Chapter 2).

From (6.8) and (6.9), it is easy to see that both criteria have the same standard-

ized version given by 1 − n−1Ln, namely the inferential efficiency depends on the

allocations and the covariates and is maximized if (6.6) holds true.

As shown in Baldi Antognini and Zagoraiou (2011), assuming model (6.1) with

h(z) as in (6.7), the loss can be rewritten as follows

Ln =

J∑

j=0

L∑

l=0

D2
n(j, l)

Nn(j, l)
, (6.11)

where Nn(j, l) denotes the number of subjects within stratum (j, l) after n assign-

ments (j = 0, . . . , J ; l = 0, . . . , L).

As mentioned previously, several designs have been suggested in the literature

aimed at achieving marginal balance between the treatments. However, in the pres-

ence of interactions among covariates, balancing just the margins can induce a critical

loss of precision, which may also be amplified by the random nature of the covariates,

as the following example shows.

Example 6.1 Assume model (6.1) with Z = (T,W ) binary covariates potentially

interacting. If the design is marginally − but not jointly − balanced, then bt
n =

(0, 0, 0, Dn(1, 1)) (with Dn(1, 1) 6= 0) and thus

Ln = D2
n(1, 1)

1∑

j,l=0

Nn(j, l)
−1.

Note that |Dn(j, l)| is constant at each stratum, since the design is marginally

balanced; moreover 1 ≤ |Dn(j, l)| ≤ minjlNn(j, l) and therefore Ln ≤
4minjlNn(j, l). Setting for instance n = 100 and D100(1, 1) = 10, if N100(0, 0) =
N100(1, 0) = N100(0, 1) = 30, then L100/100 = 0.2, while if N100(0, 0) =
N100(1, 0) = N100(0, 1) = N100(1, 1) = 25 and D100(1, 1) = 23, then the loss

of efficiency is L100/100 = 0.846.

Thus, within-strata imbalance may decrease the inferential precision dramati-

cally, due to interactions among covariates and the random arrival of units in the

strata. With interactions among covariates there are several marginally unbalanced

designs that perform better than marginally balanced ones (see for instance Baldi An-

tognini and Zagoraiou (2011)).
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6.2.3 Balanced designs for the linear model with treatment/covariate

interactions

The assumption that each treatment affects in the same way all the subjects inde-

pendently of their characteristics leads, however, to a very simplified scenario which

strongly restricts its applicability in statistical practice. Thus, instead of (6.1), a more

realistic model that accounts for the general situation of treatment/covariate interac-

tions is the linear homoscedastic model in the form

E[Yi] = δi µA + (1− δi) µB + h(zi)
t (δiβA + (1− δi)βB) i ≥ 1, (6.12)

where now βA and βB are d-dim vectors of possibly different regression pa-

rameters. Under (6.12), the vector of unknown model parameters is now γ =
(µA, µB,β

t
A,β

t
B)

t and the corresponding (2 + 2d)-dim information matrix is

M =




πn 0 n−1δ(n)tFn 01×d

0 1− πn 01×d n−1(1n − δ(n))tFn

n−1Ft
nδ

(n) 0d×1 n−1Ft
n∆̃Fn 0d×d

0d×1 n−1Ft
n(1n − δ(n)) 0d×d n−1Ft

n(In − ∆̃)Fn


 ,

(6.13)

with ∆̃ = diag
(
δ(n)

)
.

Assuming model (6.12), the entire parameter vector γt = (µA, µB,β
t
A,β

t
B) is

now of interest, since the relative performance of the treatments depends on the sub-

ject’s covariates. Indeed, for any given profile z the difference between the treatment

effects is (for all i ≥ 1)

ζ(z) =E[Yi | δi = 1,Zi = z]− E[Yi | δi = 0,Zi = z]

=µA − µB + h(z)t (βA − βB) .
(6.14)

Let γ̂t
n = (µ̂An, µ̂Bn, β̂

t
An, β̂

t
Bn) be the OLS estimator of the unknown model pa-

rameters after n assignments, and Dt = (02d×2 : I2d). Some inferential criteria of

interest are now

detV ar[γ̂n] = det

(
σ2

n
M−1

)
, (6.15)

detV ar
[
β̂t
A, β̂

t
B

]
= det

(
σ2

n
DtM−1D

)
, (6.16)

trV ar [γ̂n] = tr

(
σ2

n
M−1

)
, (6.17)

trV ar
[
β̂t
A, β̂

t
B

]
= tr

(
σ2

n
DtM−1D

)
(6.18)

where M is now (6.13).

For model (6.12) the balance condition of Appendix A, Example A.7, becomes

(
2δ(n) − 1n

)t
(1n : Fn) = 01×(d+1) (6.19)

Ft
n(2∆̃− In)Fn = 0d×d (6.20)
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and is optimal for model (6.12) with respect to criteria (6.15) through (6.18).

In the absence of interactions, i.e., h(z)t = (t, w), in addition to the equality of

the averages in the treatment arms implied by (6.19), (6.20) implies that

n∑

i=1

δit
2
i =

n∑

i=1

(1 − δi)t
2
i ,

n∑

i=1

δiw
2
i =

n∑

i=1

(1 − δi)w
2
i

and

n∑

i=1

δitiwi =
n∑

i=1

(1− δi)tiwi ,

(6.21)

namely for each covariate their variances in the two arms are the same, as well as the

covariances. If h(z)t = (t, w, t · w), in addition to (6.21), (6.20) also implies that

n∑

i=1

δit
2
iwi =

n∑

i=1

(1− δi)t
2
iwi,

n∑

i=1

δitiw
2
i =

n∑

i=1

(1 − δi)tiw
2
i

and

n∑

i=1

δit
2
iw

2
i =

n∑

i=1

(1− δi)t
2
iw

2
i .

Let the categorical covariates of interest be Z = (T,W )t, and let πn(j, l) be the

proportion of allocations to treatment A within stratum (j, l) after n assignments

(j = 0, . . . , J and l = 0, . . . , L). Assuming model (6.12) with (6.7), Baldi Antognini

and Zagoraiou (2012) have shown that criteria (6.15) through (6.18) can be simplified

as follows:

det

(
σ2

n
M−1

)
=

σ4+4p

∏J
j=0

∏L
l=0 πn(j, l)[1− πn(j, l)]Nn(j, l)2

, (6.22)

det

(
σ2

n
DtM−1D

)
=

n2πn(1 − πn)σ
4p

∏J
j=0

∏L
l=0 πn(j, l)[1− πn(j, l)]Nn(j, l)2

, (6.23)

tr

(
σ2

n
M−1

)
= σ2 × [

J∑

j=1

L∑

l=1

1

Nn(j, l)πn(j, l)[1− πn(j, l)]
+

+

J∑

j=1

L+ 1

Nn(j, 0)πn(j, 0)[1− πn(j, 0)]
+

L∑

l=1

J + 1

Nn(0, l)πn(0, l)[1− πn(0, l)]
+

+
(J + 1)× (L + 1)

Nn(0, 0)πn(0, 0)[1− πn(0, 0)]
]

(6.24)

and

tr

(
σ2

n
DtM−1D

)
=tr

(
σ2

n
M−1

)
− σ2

Nn(0, 0)πn(0, 0)[1− πn(0, 0)]
. (6.25)

Criteria (6.22) through (6.25) are minimized by the jointly balanced design, which

is still optimal in the absence of interactions among covariates, independently of the

presence or absence of treatment/covariate interactions.
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6.3 Covariate-adaptive randomization

The previous section deals with the optimality of balanced covariates for fixed sample

size. The present section discusses adaptive designs suggested for achieving some

form of balance sequentially with respect to a given set of covariates of interest.

6.3.1 Pocock and Simon’s minimization methods

The minimization methods proposed by Taves (1974) and analyzed in depth by

Pocock and Simon (1975) are very popular methodologies in the clinical practice.

They are covariate-adaptive randomization procedures aimed at achieving marginal

balance. These methods depend in general on the definition of a measure of over-

all imbalance among the assignments, which summarizes the imbalances between

the treatment groups for each level of each factor: at each step the imbalance that

would occur if that subject were allocated to either treatment is calculated; then the

assignment is directed (deterministically, or in a randomized way) to the treatment

that minimizes the given measure of overall imbalance.

In the case of two covariates Z = (T,W ), minimization methods work as fol-

lows. Let ℑn = σ {Z1, . . . ,Zn; δ1, . . . , δn} be the sequence of assignments and

covariates up to n; when the covariate profile zn+1 = (tj , wl) of the (n + 1)st

subject is recorded, the effect on the overall imbalance of assigning treatment

A or B can be measured, respectively, by |Dn(tj) + 1| + |Dn(wl) + 1| and

|Dn(tj)− 1|+ |Dn(wl)− 1|. Thus, letting

D̃n = |Dn(tj) + 1| − |Dn(tj)− 1|+ |Dn(wl) + 1| − |Dn(wl)− 1| (6.26)

be the measure of overall imbalance, this subject will be allocated to treatment A
with probability

Pr (δn+1 = 1 | ℑn,Zn+1 = (j, l)) =





p D̃n < 0
1
2 D̃n = 0 , n ≥ 1,

1− p D̃n > 0

(6.27)

with p ∈ [1/2; 1]. This rule is usually referred to as the range method, since the

imbalance at each level of every covariate is measured by the range between the

allocations of the two arms, i.e., |Dn(·)|. The choice p = 1 corresponds to Taves’

minimization method, while Pocock and Simon (1975) have studied the case p = 3/4
(see also Wei (1978b)).

This is a design that treats all the covariates in the same way; rule (6.27) can be

simply rewritten as:

Pr (δn+1 = 1 | ℑn,Zn+1 = (j, l)) =





p sgnDn(tj) + sgnDn(wl) < 0,
1
2 sgnDn(tj) + sgnDn(wl) = 0,

1− p sgnDn(tj) + sgnDn(wl) > 0.
(6.28)
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In the case of several covariates the overall imbalance D̃n is proportional to the sum

of the signs of all the marginal imbalances of the current stratum, so that the allo-

cation of A is forced if the number of covariates with negative imbalance is greater

than the one with positive imbalance, and vice versa for B.

There follows from (6.28) that, at each step:

• the allocation depends only on the sign of the overall measure of imbalance and

not on its magnitude;

• the overall measure of imbalance depends only on the signs of the current marginal

imbalances related to the subject’s stratum.

Example 6.2 In order to explore how minimization methods work in practice and

their drawbacks, consider now a hypothetical trial where the covariates are Choles-

terol Level (with levels High and Low) and Gender (Male and Female). Suppose that

the first 100 subjects have been already randomized according to either of the two

scenarios illustrated in Table 6.1.

TABLE 6.1: Minimization methods: two different scenarios.

Scenario 1 Scenario 2
Male Female D100(·) Male Female D100(·)

High CL 15 25 15 25
(8A; 7B) (13A; 12B) 2 (12A; 3B) (20A; 5B) 24

Low CL 10 50 10 50
(4A; 6B) (25A; 25B) -2 (0A; 10B) (29A; 21B) -2

D100(·) -1 1 0 -1 23 22

Under Scenario 1, the two treatments are equally replicated since D100 = 0;

moreover, the two arms are balanced for the categories of Gender (note that there is

an odd number of both males and females), and there is only a minimum imbalance

for the categories of Cholesterol Level (CL). Thus, if the 101th subject accrued into

the trial is male (M ) with a high cholesterol level (H), then sgnD100(M) = −1
and sgnD100(H) = 1, so he will be randomized to the two treatments with equal

probabilities. Complete randomization will also be used if the 101th subject is female

with a low level of cholesterol; whereas, in the case of a male with low cholesterol

level (or female with high cholesterol level), the allocation will be forced to treatment

A (respectively, B) with probability p ≥ 1/2 (see Table 6.2). However, for each

subject’s profile the allocation probabilities are exactly the same also under Scenario

2, although the categories female and high cholesterol level are strongly unbalanced

and treatment A is globally over represented with D100 = 22.
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TABLE 6.2: Allocation probabilities to treatment A of subject 101 under the range

method.

Male Female

High CL 0.5 1− p
Low CL p 0.5

As shown by the example above, the range method is insensitive to the magnitude

of the observed marginal imbalances; to overcome this drawback, Pocock and Si-

mon (1975) have discussed the possibility of assuming different measures of im-

balance at each level of every covariate, instead of the range. In particular, the so-

called variance method consists in assuming the variance of the numbers of alloca-

tions of the two treatments as a measure of marginal imbalance, so that |Dn(tj)| and

|Dn(wl)| will be replaced by [Dn(tj)/2]
2 and [Dn(wl)/2]

2, respectively; however,

since (x+ 1)2 − (x− 1)2 = 4x for any integer x, instead of (6.26) the overall mea-

sure of imbalance now becomes D̃n = Dn(tj) +Dn(wl), so that under the variance

method the (n+ 1)th subject is assigned to treatment A with probability:

Pr (δn+1 = 1 | ℑn,Zn+1 = (j, l)) =





p Dn(tj) +Dn(wl) < 0,
1
2 Dn(tj) +Dn(wl) = 0,

1− p Dn(tj) +Dn(wl) > 0.

(6.29)

If compared with the range method, rule (6.29) differs from (6.28) only when

Dn(tj) > 0 and at the same time Dn(wl) < 0, or vice versa: in these situations

the variance method is more sensitive to the magnitude of the marginal imbalances

that have been actually observed.

Example 6.3 Table 6.3 describes the probabilities of allocation to A of the 101st

subject given by the variance method under Scenarios 1 and 2 of Table 6.1.

TABLE 6.3: Allocation probabilities to treatmentA of subject 101 under the variance

method.

Scenario 1 Scenario 2
Male Female Male Female

High CL 1− p 1− p 1− p 1− p
Low CL p p p 1− p

Baldi Antognini and Zagoraiou (2015) have proved that Pocock and Simon’s

minimization method is asymptotically balanced, both marginally and jointly; in gen-

eral, theoretical results about minimization methods seem to be few and far between.

Their properties have been explored extensively through simulations (Pocock and Si-

mon, 1975; Begg and Iglewicz, 1980; Zielhuis et al., 1990; Atkinson, 1999, 2002).

In particular, Begg and Iglewicz (1980) and Zielhuis et al. (1990) have shown that
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the variance method performs better than the range method, but the gain in terms of

inferential efficiency is moderate. Furthermore, the variance method could be inef-

ficient due to the fact that, at each step, the allocation probability still depends only

on the sign of the overall imbalance that has been currently observed and not on

its magnitude. In the same spirit of the Adjustable BCD discussed in Section 2.4.2,

a generalization of minimization procedures that accounts for different degrees of

imbalance at each factor levels is

Pr (δn+1 = 1 | ℑn,Zn+1 = (j, l)) = F (hT (Dn(tj)) + hW (Dn(wl))), (6.30)

where F : R → [0; 1] is a non-increasing and symmetric function with

F (−x) = 1− F (x), for all x ∈ R

and hT , hW : Z → R are increasing functions such that

hT (x) = −hT (−x) and hW (x) = −hW (−x), ∀x ∈ Z.

Rule (6.30) makes allowances for a different need for balance among the factors

under consideration, in order to force the balance for the covariate or covariates that

have a more prominent impact on the outcome than the others. For instance, a very

simple choice consists in assuming hT and hW linear functions, which corresponds

to assigning suitable weights to the covariates according to their importance, as we

shall show in Section 6.3.4. The weights assigned to the different covariates can be

chosen to correspond to the intensity of their relationship with the outcome or to

their importance in response prediction. These weights may evolve adaptively and

they can be estimated step by step through the available information; note that in this

case the observed responses are also included in the estimation process, so that the

ensuing procedure becomes a CARA design (see Section 6.4).

6.3.2 Covariate-adaptive procedures based on Optimal Design theory

Both stratified randomization procedures and minimization methods were introduced

without any formal criterion of optimal inference. Being very intuitive and simple

methods that do not require formulating a statistical model, they are easy to apply in

practice. An alternative approach to minimization is given by the covariate-adaptive

rules based on the theory of Optimal Designs (Begg and Iglewicz, 1980; Atkinson,

1982; Smith, 1984a,b; Atkinson, 2002). Adopting the linear homoscedastic model

(6.1), Atkinson (1982) and Smith (1984a) have proposed procedures aimed at bal-

ancing the allocations across the covariates in order to minimize the variance of the

estimated difference between the treatment effects (for a simplified version see also

Begg and Iglewicz (1980)). These methods are more rigorous from a mathematical

perspective and are also quite general, since they deal with any number of treatments

and any type of covariates, but they are computationally expensive.

In particular, assuming the D-optimality criterion (see Appendix A) Atkinson

(1982) introduced his DA-BCD in order to minimize (6.4) sequentially. As shown

previously, it corresponds to minimizing (6.10) and therefore the DA-BCD can be
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generalized to account for covariates (see also Smith (1984b)) by assigning the (n+
1)th subject to treatment A with probability

Pr(δn+1 = 1 | ℑn,Zn+1 = zn+1) =

=
[1− (1;h(zn+1)

t)(Ft
nFn)

−1bn]
2

[1− (1;h(zn+1)t)(Ft
nFn)−1bn]2 + [1 + (1;h(zn+1)t)(Ft

nFn)−1bn]2
,

(6.31)

where Fn = (1n : Fn) for brevity. This procedure can be naturally extended to the

case of several treatments substituting criterion (6.4) with det(LtM−1L), where L

is the matrix that specifies the contrasts of interest between the treatment effects (see

Section 2.6 and Appendix A).

Assuming that the covariate distribution is known a priori and using the approxi-

mation Ft
nFn ≃ nQ with Q = limn→∞ n−1Ft

nFn non-singular, Smith (1984a) has

generalized Atkinson’s idea by the following allocation rule

Pr (δn+1 = 1 | ℑn,Zn+1 = zn+1) = ψ(n−1h(zn+1)
tQ−1bn) , (6.32)

where ψ : [−1, 1] → [0, 1] is a non-increasing function such that ψ(−x) = 1−ψ(x)
for all x ∈ [−1; 1].

For the linear model (6.1) with potentially interacting categorical covariates,

Atkinson’sDA-BCD and Smith’s procedures become stratified randomization meth-

ods. Indeed, assuming (6.7), then

(1;h(zn+1)
t)(Ft

nFn)
−1bn =

Dn(j, l)

Nn(j, l)
,

so that the DA-BCD in (6.31) simplifies to

Pr (δn+1 = 1 | ℑn,Zn+1 = (j, l)) =

(
1− Dn(j,l)

Nn(j,l)

)2

(
1− Dn(j,l)

Nn(j,l)

)2
+
(
1 + Dn(j,l)

Nn(j,l)

)2 , (6.33)

whereas Smith’s allocation rule (6.32) becomes

Pr (δn+1 = 1 | ℑn,Zn+1 = zn+1) = ψ

(
Dn(j, l)

Nn(j, l)

)
,

whereNn(j, l) could be approximated by npjl (see the analogy with Wei’s Adaptive

BCD discussed in Section 2.4.3).

Within this framework, the loss of precision in (6.10) is the fundamental tool for

assessing the performances of a design; however, now the loss depends on the ran-

dom covariates too. Few theoretical results are known about the distribution of Ln,

mainly due to Smith (1984a,b). In particular, he proved that under rule (6.32) the

expected loss converges to (d+1)/[1−4ψ′(0)], provided that ψ(·) is a twice contin-

uously differentiable function with uniformly bounded second derivatives. Intensive

simulation studies (see Begg and Iglewicz (1980), Atkinson (1982), Atkinson (1999),
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Atkinson (2002) and Heritier et al. (2005)) seem to confirm that Smith’s results can

be extended also to Atkinson’s DA-BCD and to the procedure suggested by Begg

and Iglewicz (1980). Atkinson (1982) compared his procedure with CR and Efron’s

coin via simulations, which seem to show that the expected loss converges to 0 for

Efron’s BCD, to (d+1) for CR, and to (d+1)/5 for the DA-BCD. Thus, excluding

Efron’s coin, the asymptotic precision decreases as the number of covariates, as well

as their levels and interaction effects, grows.

6.3.3 The Covariate-Adaptive Biased Coin Design introduced by Baldi

Antognini and Zagoraiou

As shown previously, the optimality of marginal/joint balance depends on the ab-

sence or presence of interactions among covariates and since marginal balance does

not always promote efficiency, ensuring balance within every stratum could be a cru-

cial issue. One author among others, Kaiser (2012), pointed this out through specific

examples. For this reason, Baldi Antognini and Zagoraiou (2011) have introduced

the Covariate-Adaptive Biased Coin Design (C-ABCD), which is a general class of

stratified randomization sequential methods aimed at achieving the treatment balance

within strata.

Let the covariates of interest be Z = (T,W ), with joint pdf p = [pjl : j =

0, . . . , J ; l = 0, . . . , L], where pjl = Pr(Zi = (j, l)) > 0 and
∑J

j=0

∑L
l=0 pjl =

1. For any given stratum (j, l), let Fjl(·) : Z → [0, 1] be a non-increasing and

symmetric function with Fjl(−x) = 1 − Fjl(x) for all x ∈ Z, where Fjl(·)’s are

called generating functions and govern the request of balance within each covariate

profile. The C-ABCD assigns the (n+ 1)th subject to treatment A with probability:

Pr (δn+1 = 1 | ℑn,Zn+1 = (j, l)) = Fjl(Dn(j, l)), for all (j, l). (6.34)

Clearly, if at each stratum (j, l) we set

Fjl(x) =





p x < 0
1
2 x = 0,

1− p x > 0

(6.35)

then rule (6.34) becomes stratified randomization, where within each stratum a sep-

arate Efron’s Biased Coin Design is activated (Efron, 1980).

Remark 6.1 In the class of restricted randomization rules that ignore covariates,

like the ABCD and Wei’s Adaptive BCD, the whole sequence of assignments can be

determined before the trial. In the case of the C-ABCD this is not feasible, and the

procedure implementation goes hand in hand with the trial itself.

Let Dn = [Dn(j, l) : j = 0, . . . , J ; l = 0, . . . , L]. The sequence of vectors

{Dn}n∈N of the C-ABCD is a positive recurrent Markov chain on Z(J+1)×(L+1),

where each component is an ergodic random walk, but at each step n only one walk

is activated, the one that corresponds to the covariate profile of subject n.
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Within each stratum (j, l), for any choice of Fjl(·) the sequence {Dn(j, l)}n∈N

is a homogeneous Markov chain on Z with D0(j, l) = 0 and transition probabilities

Pr (Dn+1(j, l) = k | Dn(j, l) = x) =





pjlFjl(x) k = x+ 1,

1− pjl k = x,

pjlFjl(−x) k = x− 1.

The chain is positive recurrent, time-reversible and aperiodic with unimodal station-

ary law ξjl(·) symmetric at 0 given by

ξjl(x) = ξjl(x− 1)
Fjl(x− 1)

Fjl(−x)
, for all x ∈ Z

ξjl(0) =

{
1 + 2

∞∑

s=1

s∏

x=1

Fjl(x− 1)

Fjl(−x)

}−1

.

(6.36)

The marginal imbalances {Dn(tj)}n∈N and {Dn(wl)}n∈N, as well as the global one

{Dn}n∈N, are also positive recurrent Markov chains on Z, with stationary distribu-

tions that can be derived from the equilibrium equations.

For any choices of Fjl(·)’s the Covariate-Adaptive Biased Coin Design is asymp-

totically balanced within each stratum, and also at each level of the covariates and

globally:

Theorem 6.1 Under the C-ABCD, as n→ ∞
Dn(j, l)

Nn(j, l)
→ 0,

Dn(tj)

Nn(tj)
→ 0,

Dn(wl)

Nn(wl)
→ 0 and

Dn

n
→ 0 a.s. (6.37)

Furthermore, the C-ABCD is high order efficient, since ∀j = 0, . . . , J and ∀l =
0, . . . , L

Dn(j, l) = op(n
1/2), Dn(tj) = op(n

1/2), Dn(wl) = op(n
1/2), Dn = op(n

1/2)
(6.38)

and for all ν > 0

Dn(j, l) = ol1(n
ν), Dn(tj) = ol1(n

ν), Dn(wl) = ol1(n
ν), Dn = ol1(n

ν).
(6.39)

Result (6.38) establishes that the C-ABCD converges (in probability) to balance

faster than the procedures described so far, and in particular to those for which a

CLT property holds, e.g., Smith’s designs; whereas (6.39) establishes a high order

of convergence that guarantees that the loss of efficiency Ln in (6.10) vanishes very

rapidly; indeed, assuming the C-ABCD, then Ln = op(1) independently of the num-

ber of factors taken into consideration. As a counterpart of such faster balancing

properties, the C-ABCD is characterized by a small increase of selection bias; in-

deed, the asymptotic predictability is

lim
n→∞

SBn =
1

2





J∑

j=0

L∑

l=0

ξjl(0)pjl + 1



 .
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The asymptotic excess of selection bias

1

2

J∑

j=0

L∑

l=0

ξjl(0)pjl

is an overall measure of asymptotic balance induced by the design over the strata.

Clearly, different choices of the generating functions for each covariate pattern

meet the need for more or for less balance at different population strata. A suitable

selection of Fjl(·)’s is discussed in Baldi Antognini and Zagoraiou (2011), where it

is shown that an interesting class of generating functions is

F a(x) = {xa + 1}−1, x ≥ 1, (6.40)

in which the non-negative parameter a > 0 governs the degree of randomness: if a
tends to 0 the assignment tends to be completely randomized, whereas as a grows the

allocation becomes more deterministic. This class ensures a good trade-off between

balance and predictability even for small samples, since the allocations are com-

pletely randomized in the case of perfect balance under an even or an odd number

of steps, and the balance is forced in the other situations. The generating functions

(6.40) treat each stratum in the same way, but in some circumstances there may be a

need to diversify the role of some of them, since

• some patterns may have major/minor importance with respect to the others,

• strong departures from balance could induce a significant loss of precision if ob-

served at under-represented strata, whereas their impact may be moderate if ob-

served at populous covariate profiles.

Thus, if the covariate distribution p is known, for each stratum (j, l) a proper

choice of the generating function is

Fjl(x) =

{
x

1−pjl
pjl + 1

}−1

, x ≥ 1; (6.41)

when p is unknown, the generating function (6.41) could also be used substituting at

each step every pjl with its current estimate p̂njl; as proved by Baldi Antognini and

Zagoraiou (2015), the procedure is still asymptotically balanced.

As regards finite sample comparisons, Baldi Antognini and Zagoraiou (2011)

have shown via simulations that in the presence of interactions among covariates

the C-ABCD yields a significant improvement in terms of inferential efficiency with

respect to Pocock and Simon’s procedure and Atkinson’s DA-BCD, but has slightly

higher predictability with respect to the latter. Since joint implies marginal balance,

the C-ABCD is still efficient even with no covariate interactions, since Ln tends to 0

as n goes to infinity, ensuring also good performances in terms of SBn.
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6.3.4 Hu and Hu’s covariate-adaptive procedure

In the case of categorical covariates, Hu and Hu (2012) have introduced a class of

procedures that assumes as overall measure of imbalance a weighted average of

the three types of imbalances actually observed, i.e., global, marginal and within-

stratum:

D̄n = 4{ωgDn + ωTDn(tj) + ωWDn(wl) + ωsDn(j, l)}. (6.42)

Expression (6.42) is the measure of average imbalance after n steps for a subject

belonging to the stratum (j, l) and the non-negative weight ωg (global), ωT and ωW

(covariate marginal) and ωs (stratum) are such that ωg + ωT + ωW + ωs = 1 The

allocations are randomized according to a biased coin, in such a way that each subject

will be forced to the treatment which induces the smallest average imbalance.

Let the covariates of interest be Z = (T,W ), this design assigns the (n + 1)st

subject to treatment A with probability

Pr (δn+1 = 1 | ℑn,Zn+1 = (j, l)) =





p D̄n < 0
1
2 D̄n = 0 .

1− p D̄n > 0

(6.43)

In the same spirit as Pocock and Simon (1975), D̄n in (6.42) can be regarded as the

difference between the weighted imbalances that would be caused if the next subject

were to be assigned to treatment A or B, respectively. Clearly, if ωT = ωW =
ωs = 0 rule (6.43) does not depend on the covariates and it corresponds to Efron’s

Biased Coin Design. When ωg = ωs = 0 (i.e., taking into account only the marginal

imbalances), if ωT = ωW = 0.5 the covariates have the same relative importance

and (6.43) coincides with minimization method (6.29); otherwise, the choice ωT 6=
ωW corresponds to a weighted version of the variance method. Moreover, if ωg =
ωT = ωW = 0 then rule (6.43) becomes stratified randomization where a separate

randomization mechanism based on Efron’s coin is activated within each stratum,

namely it becomes the special case of the C-ABCD given in (6.35).

Adopting (6.43), the sequence {Dn}n∈N is still a Markov chain and to explore

the asymptotic properties of their design, Hu and Hu have obtained the conditions

under which {Dn}n∈N is positive recurrent, which guarantees a fast convergence of

order Op(1) for the within-stratum imbalance:

Theorem 6.2 If the weights ωg , ωT , ωW are chosen so that

(JL + J + L)ωg + JωW + LωT <
1

2
, (6.44)

then {Dn}n∈N is a positive recurrent Markov chain on Z(J+1)×(L+1).

Only strictly positive choices of the stratum weight ωs satisfy Theorem 6.2. In

fact, if we assume ωs = 0, then ωg = 1− ωT − ωW and thus condition (6.2) can be

rewritten as follows

(JL+ J + L)[1− (ωW + ωT )] + (ωW + ωT ) + ωW (J − 1) + ωT (L− 1) <
1

2
,
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which is clearly impossible since the LHS is always greater than 1. Thus, Theorem

6.2 does not apply to Pocock and Simon’s procedure and a simulation study in Hu and

Hu (2012) seems to show that under minimization method (6.29) the within-stratum

imbalance {Dn}n∈N grows as n tends to infinity.

Clearly several issues still need further research. For instance, it is not clear how

the marginal weights can be chosen with respect to the stratum weight: since joint

balance implies marginal one and also global balance, one would expect that high

values of ωs (i.e., from Theorem 6.2, small values of ωg , ωT and ωW ) should be

preferable, at least when the number of considered covariates is small. The relative

importance of these weights, as well as the evolution of the procedure, may change

as the number of chosen covariates as well as their levels grows. From the view-

point of predictability, the theoretical properties of Hu and Hu’s covariate-adaptive

randomization procedure are still unclear.

6.4 Covariate-Adjusted Response-Adaptive designs

Starting from the pioneering work of Rosenberger et al. (2001b), there has been

a statistical interest in the topic of Covariate-Adjusted Response-Adaptive (CARA)

randomization procedures. These designs change the probabilities of allocating treat-

ments by taking into account all the available information− namely the assignments,

the outcomes and the covariates of the previous statistical units, as well as the char-

acteristic of the current subject that will be randomized − with the aim of i) skewing

the allocations towards the treatment that appears to be superior or ii) converging

to a desired target allocation that depends on both the covariates and the unknown

parameters of the model.

Let Gn = σ {Z1, . . . ,Zn; δ1, . . . , δn;Y1 . . . , Yn} be the sequence of covariates,

assignments and responses after n steps, when the covariate profile Zn+1 of the

(n+ 1)st subject is recorded, a CARA design is defined by

Pr(δn+1 = 1 | Gn,Zn+1) = ϕ(Gn,Zn+1). (6.45)

Some authors (Bandyopadhyay and Biswas, 2001; Biswas et al., 2006) have sug-

gested CARA designs that incorporate covariate information in the randomization

process, but ignore the covariates of the current subject. These methods seem to guar-

antee good ethical performances only asymptotically. The properties of these designs

and of the estimators have been explored almost exclusively through simulations.

6.4.1 Covariate-adjusted Sequential Maximum Likelihood design

Zhang et al. (2007b) have analyzed one particular type of CARA rule that general-

izes the Sequential Maximum Likelihood design (see Sections 1.9.1 and 3.3) to the

presence of covariates. The assumed model is the general linear setup discussed in

Section 3.2 and for any target allocation π0 ∈ (0; 1) such that
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• π0 depends on both the unknown model parameters γ and the covariates, i.e.,

π0 = π0(γ, z),

• π0(γ, z) is continuous in γ for any fixed covariate level z,

they suggest to sequentially allocate the subjects to the treatments as follows. Starting

with an initial stage, where n0 assignments of each treatment are made in order to

derive a non-trivial parameter estimation γ̂2n0 as in Section 3.2, treatmentA will be

assigned to subject (n+ 1) with covariates zn+1 with probability

ϕ(Gn,Zn+1 = zn+1) = π0(γ̂n, zn+1), n ≥ 2n0. (6.46)

Assuming that the target function π0 is differentiable in γ under the expectation func-

tional, with bounded derivatives, Zhang et al. (2007b) have provided all the asymp-

totics for such a design, as well as the associated asymptotic inference. Indeed, let

Nn(z) =
∑n

i=1 1{Zi=z} be the number of subjects with covariate profile z after n
steps and πn(z) =

∑n
i=1 δi1{Zi=z}/

∑n
i=1 1{Zi=z} the corresponding percentage

of assignments to A, the authors have derived a Strong Law of Large Numbers for

the allocation proportions, both marginally and conditionally on a given covariate

level (provided that Pr(Z = z) > 0),

lim
n→∞

πn = EZ [π
0(γ, z)] a.s. and lim

n→∞
πn(z) = π0(γ, z) a.s.

(6.47)

deriving also the asymptotic normality of πn and πn(z). Moreover, the estimator γ̂n

is strongly consistent and asymptotically normal.

As shown for the SML design, the CARA design (6.46) too may be inefficient

due to its strong variability, since the allocation rule

• depends on the past history of the trial only through the estimation of the param-

eters;

• randomizes assignments through the current estimate of the target relative to the

current covariate profile, without making use of further information.

6.4.2 Covariate-adjusted Doubly-adaptive Biased Coin Design

In order to overcome the drawbacks of the Covariate-adjusted SML designs, Zhang

and Hu (2009) have introduced a different class of CARA designs, called the

Covariate-adjusted Doubly-adaptive Biased Coin Designs (CD-BCD), which force

the assignments towards the target similarly to Eisele’s D-BCD (see Section 3.4) and

guarantee a smaller variability of the allocation proportion.

This procedure, which seems to be particularly useful in the context of continuous

covariates, is defined by

ϕ(Gn,Zn+1 = zn+1) =
π0(γ̂n, zn+1)

(
ρ̂n

πn

)α

π0(γ̂n, zn+1)
(

ρ̂n

πn

)α
+ (1− π0(γ̂n, zn+1))

(
1−ρ̂n

1−πn

)α ,

(6.48)
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where ρ̂n = n−1
∑n

i=1 π
0(γ̂n, zi) and the non-negative parameter α controls the

degree of randomness of each allocation: if α → 0 the randomization function does

not depend on the current allocation proportion and this design corresponds to (6.46),

whereas as α grows the allocations tend to be deterministic.

The rationale behind this choice is the following: when the global allocation pro-

portion πn is close to ρ̂n, which is a consistent estimate of its corresponding asymp-

totic target EZ [π
0(γ, z)], then the assignment depends essentially on the current

estimate of the target for the current subject’s covariates; otherwise, the allocation is

forced towards A increasingly as ρ̂n/πn grows, i.e. if A is under-represented with

respect to its estimated target value.

Strong consistency and asymptotic normality of the estimators are guaranteed;

moreover Zhang and Hu (2009) have provided the almost sure convergence as well as

the asymptotic normality of πn, also deriving the asymptotic variance of the design,

which is a decreasing function of the randomization parameter α.

6.4.3 The Reinforced Doubly-adaptive Biased Coin Design

As shown previously, when the target allocation is a continuous function of the un-

known parameters of the model, CARA procedures (6.46) and (6.48) may be adopted

in order to gradually approach the desired target. However, in the context of categor-

ical covariates the evolution as well as the convergence of the allocation proportion

at each stratum depends on the number of subjects falling into that covariate profile,

which is (on average) related to the representativeness of the stratum in the popu-

lation of interest. So, covariate profiles that could potentially be under-represented

might induce high deviation from the corresponding targets, and for small samples

this could be critical, both from inferential and an ethical viewpoints.

For this reason, Baldi Antognini and Zagoraiou (2012) have proposed the Re-

inforced Doubly-adaptive Biased Coin Design (RD-BCD), which is a general class

of CARA procedures for categorical covariates aimed at converging to any given

allocation proportion by forcing closeness to the target when necessary.

Assume for simplicity that only two categorical covariates are of interest,

Z = (T,W ), and let πn = [πn(j, l); j = 0, . . . , J ; l = 0, . . . , L] and Nn =
[Nn(j, l); j = 0, . . . , J ; l = 0, . . . , L]. Let π0 = [π0(j, l) : j = 0, . . . , J ; l =
0, . . . , L] be a desired allocation proportion such that at each stratum (j, l) the cor-

responding target π0(j, l) = π0(j, l;γ,p) ∈ (0, 1) is a continuous function of the

unknown parameters. The RD-BCD is defined as follows: after an initial stage with

n0 observations made on each treatment in order to obtain a non-trivial parameter

estimation γ̂2n0 and p̂2n0 , at each step n > 2n0 let π̂0
n = π0(γ̂n, p̂n) be the esti-

mate of the target obtained by all the data up to that step. The (n+ 1)th subject with

covariate profile Zn+1 = (j, l) will be assigned to A with probability

ϕ
(
πn(j, l) ; π̂

0
n(j, l); p̂njl

)
, (6.49)

where the function ϕ(x, y, z) : (0, 1)3 → [0, 1] satisfies the following properties:

i) ϕ(x, y, z) is decreasing in x and increasing in y, for all z ∈ (0, 1);
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ii) ϕ(x, x, z) = x for all z ∈ (0, 1);

iii) ϕ(x, y, z) is decreasing in z if x < y, and increasing in z if x > y;

iv) ϕ(x, y, z) = 1− ϕ(1− x, 1 − y, z) for all z ∈ (0, 1).

From conditions i) and ii), at each stratum the allocation proportion will be forced to

the corresponding target, since ϕ(x, y, z) ≤ y when x ≥ y and ϕ(x, y, z) ≥ y if x <
y for all z ∈ (0, 1). Furthermore, condition iii) means that the allocation is forced

towards optimality increasingly as the representativeness of the strata decreases and

iv) guarantees that the two treatments are treated symmetrically.

Remark 6.2 The RD-BCD in (6.49) is a vast class of designs that admits also dis-

continuous randomization functions; so, it generalizes some of the existing proce-

dures, for instance rule (6.46) and Atkinson’s DA-BCD (6.33); moreover, the RD-

BCD extends Eisele’s D-BCD (see Section 3.4) and the ERADE (see Section 3.5) to

the case of covariates.

The randomization function could also be chosen in a different way at each of the

strata for discriminating their relative importance. For any such choice, the allocation

proportions of the Reinforced Doubly-adaptive Biased Coin Design converge almost

surely to the desired target, i.e.,

lim
n→∞

πn = π0 a.s. (6.50)

Moreover, strong consistency and asymptotic normality of the estimators are ensured

(see, for details, Baldi Antognini and Zagoraiou (2012)).

Baldi Antognini and Zagoraiou (2012) have suggested the following family of

allocation functions:

ϕ(x; y; z) =
F
[
D (x; y)H(z) F−1(y)

]

F
[
D(x; y)H(z)F−1(y)

]
+ F

[
D(1 − x; 1− y)H(z)F−1(1− y)

] ,

(6.51)

where

• F : R+ → R+ is continuous and strictly increasing;

• H(z) is a decreasing function that governs the amount of randomness in the dif-

ferent strata;

• D(x; y) : (0; 1)2 → R+ represents a dissimilarity measure between the actual

allocation proportion x and the current estimate of the optimal target y, which

is assumed to be decreasing in x and increasing in y, with D(x;x) = 1 for all

x ∈ (0, 1).

Example 6.4 A special case is D(x; y) = 1 for all (x, y) ∈ (0, 1)2, then (6.51)

becomes

ϕ(x; y; z) = y, ∀(x, z) ∈ (0, 1)2, (6.52)

which corresponds to the Covariate-adjusted SML design in (6.46).
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Example 6.5 Another special case is F (t) = t, D(x; y) = y/x and H(z) = α ≥ 0
∀z ∈ (0, 1), i.e.,

ϕ(x; y; z) =
y(y/x)α

y(y/x)α + (1− y)[(1− y)/(1− x)]α
, ∀z ∈ (0, 1),

which gives a natural extension in the presence of covariates of the family of Doubly-

adaptive BCD’s, which differs from the Covariate-adjusted Doubly-adaptive Biased

Coin Design in (6.48), since at each step the CD-BCD considers a dissimilarity mea-

sure between the actual allocation proportion πn(j, l) and ρ̂n, instead of the current

estimate of the target π̂∗
n(j, l) itself.

Example 6.6 An example of discontinuous allocation function is obtained by letting

F (t) = t, H(z) = {(J + 1)(L+ 1)z}−1 and

D(x; y) =





1 + ε, x < y
1, x = y, with ε ∈ [0, 1)
1− ε, x > y

,

then (6.51) becomes

ϕ(x; y; z) =





y(1+ε){(J+1)(L+1)z}−1

y(1+ε){(J+1)(L+1)z}−1+(1−y)(1−ε){(J+1)(L+1)z}−1 , x < y

y, x = y
y(1−ε){(J+1)(L+1)z}−1

y(1−ε){(J+1)(L+1)z}−1+(1−y)(1+ε){(J+1)(L+1)z}−1 , x > y

,

(6.53)

which allows us to force the allocations towards the chosen target increasingly the

more we move away from the uniform distribution of the covariates.

Example 6.7 Another special case is when the optimal target is the jointly balanced

allocation

π∗
I = [π∗

I (j, l) = 1/2, for all j = 0, . . . , J ; l = 0, . . . , L]. (6.54)

Letting F (t) = t2, H(z) = 1 andD(x; y) = 1− 2(x− y), then (6.51) with y = 1/2

ϕ(x; 1/2; z) =
(1 − x)2

(1 − x)2 + x2

corresponds to Atkinson’s DA-BCD (6.33), whereas procedure (6.53) becomes a

stratified version of Efron’s BCD, namely a special case of the C-ABCD in (6.34).

We end this section by pointing out some research on CARA procedures that

are covariate-balanced and tend to skew the allocation probabilities to the treatment

that appears to be superior at each step; see Ning and Huang (2010) and Yuan et al.

(2011). However, the importance of balancing the treatments across covariates when

binary or logistic response models are assumed is not clear. Formal mathematical

justifications for the asymptotic allocations generated by such procedures, and in

general their asymptotic properties, are not available at the moment.
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6.5 Combined optimal designs with covariates

In Chapter 5 we have investigated strategies for finding target allocations of the treat-

ments that combine inferential demands and ethical concerns. In the present section

we wish to extend the combined optimization approach involving efficiencies dis-

cussed in Section 5.5.2 to include the presence of categorical covariates and deal

with a method for deriving optimal combined targets that depend on the covariates.

6.5.1 Ethical and inferential criteria

As shown in Section 6.2, from an ethical perspective it is crucial to consider statis-

tical models that account for possible treatment/covariate interactions, like (6.12).

Otherwise, in the simplified scenario of parallel treatment effects, the relative perfor-

mances of the two treatments are constant for each covariate profile, so that the eth-

ical goal consists simply in assigning the majority of subjects to the better treatment

and the presence or absence of covariates becomes irrelevant (see Bandyopadhyay

and Biswas (2001), Atkinson and Biswas (2005a), Atkinson and Biswas (2005b) and

Bandyopadhyay et al. (2007)).

From an ethical viewpoint, the optimal design consists in allocating each patient

to the better treatment. Clearly, assuming (6.12) the better treatment may change on

the basis of the subject’s characteristics and furthermore the effects of non-optimal

allocations may be different over the strata. Assume for simplicity that only two

categorical covariates are of interest, i.e., Z = (T,W ). Since at each stratum the

superiority or inferiority of a given treatment depends only on the sign of ζ in (6.14),

the ith subject with covariate profile Zi = (j, l) is assigned to the best treatment if

and only if

δi1{ζ(j,l)>0} + (1− δi)1{ζ(j,l)<0}

(when ζ(j, l) = 0 the two arms collapse and every allocation is equivalent) and thus

the proportion of subjects within this stratum receiving the best treatment is

Ĕ (π(j, l)) =

{
π(j, l) if ζ(j, l) > 0,

1− π(j, l) if ζ(j, l) < 0,
(6.55)

(see the analogy with the ethical loss measured by criterion E in (5.3)). Thus, a rea-

sonable (global) ethical measure suggested by Baldi Antognini and Zagoraiou (2012)

is

Ĕ(πn,Nn) =
1

n

J∑

j=0

L∑

l=0

Nn(j, l)|ζ(j, l)|Ĕ (π(j, l)) , (6.56)

which can be regarded as the percentage of correct choices suitably weighed by the

relative ethical gain. Obviously, the ethically optimal target that assigns all the sub-

jects to the better treatment is

π∗
E =

[
π∗
E (j, l) =

1 + sgn(ζ(j, l))

2
; for all j = 0, . . . , J ; l = 0, . . . , L

]
, (6.57)



146 Adaptive Designs for Sequential Treatment Allocation

which depends on the unknown model parameters.

Remark 6.3 Without treatment/covariate interactions, at each stratum (j, l) we have

ζ(j, l) = µA − µB , so that criterion (6.56) becomes

Ĕ(πn,Nn) = (µA − µB)
(
1{µA−µB>0} − 1 + πn

)
,

that depends on the design only through the global proportion πn of assignments to

A. Thus, under (6.1) the covariates are irrelevant from the utility viewpoint.

Taking into account inference, the fundamental measures of efficiency are the

optimality criteria (6.22) through (6.25) of Section 6.2.3. They depend on the design

only through πn and also depend on the random covariates through the number of

subjects within the different strata Nn, that is, Φ(πn,Nn). Moreover, criteria (6.22)

through (6.25) are strictly convex in πn and are minimized by the jointly balanced

design

π∗
I = [π∗

I(j, l) = 1/2, for all j = 0, . . . , J ; l = 0, . . . , L], (6.58)

independently of the covariates.

Due to the dependence on Nn, ethical criterion (6.56) and inferential criteria

(6.22) through (6.25) are random quantities; to obtain suitable design measures by

removing the random effect induced by the covariates, a possible solution consists in

taking their expected values, namely

Ë(πn) = EZ [Ĕ(πn,Nn)] and Φ̈(πn) = EZ [Φ(πn,Nn)]. (6.59)

6.5.2 Compound optimal allocations

As in Chapter 5, consider a compromise criterion of the following form:

Ψω(πn) = ω

{
1

Ψ2(πn)

}
+ (1− ω)

{
1

Ψ1(πn)

}
, (6.60)

where ω is a weight that expresses an overall measure of risk for the population of

interest, and

Ψ2(πn) =
Ë(πn)

Ë(π∗
E)

and Ψ1(πn) =
Φ̈(π∗

I)

Φ̈(πn)
. (6.61)

are the standardized criteria of ethical and inferential efficiency that should be maxi-

mized.

The ethical weight ω can be set a priori by the experimenter but, in general, it is

reasonable to define

ω = ω (EZ [|ζ(z)|]) : R+ ∪ {0} → [0; 1),

where ω is a a continuous and increasing function with ω(0) = 0. Clearly the choice

of the weight function depends on the given applied context and the available infor-

mation. For instance, when the ethical costs are moderate more attention should be



Randomization procedures that depend on the covariates 147

dedicated to inference, so that ω can be chosen to be an S-shaped function; whereas,

in the case of possible serious adverse events ω can be modelled so as to increase very

rapidly. Baldi Antognini and Zagoraiou (2012) have obtained the following result:

Theorem 6.3 For every inferential criterion (6.22)-(6.25), there exists a unique tar-

get allocation π∗
ω = [π∗

ω(j, l); j = 0, . . . , J ; l = 0, . . . , L] minimizing criterion Ψω

in (6.60), which is the solution of the following set of equations

[
Ë(πn)

]2 ∂Φ̈(πn)

∂πn(j, l)
=

(
ω

1− ω

)
Ë(π∗

E)Φ̈(π
∗
I)ζ(j, l)pjl, ∀(j, l). (6.62)

At each stratum (j, l), the optimal combined target π∗
ω(j, l) satisfies the following

properties:

i) π∗
ω(j, l) = π∗

ω(j, l;γ,p) is a continuous function of γ and p, with

π∗
ω(j, l;γ,p) ∈ (0; 1);

ii) π∗
ω(j, l;γ,p) is increasing in ζ(j, l) for any given covariate distribution p;

iii) if γ′ and γ′′ are two different set of parameter values with corresponding ethical

gains ζ′(j, l) = −ζ′′(j, l), then for any given p

π∗
ω(j, l;γ

′,p) = 1− π∗
ω(j, l;γ

′′,p); (6.63)

iv) if ζ(j, l) > 0 (or < 0) then π∗
ω(j, l;γ,p) is increasing (respectively decreasing)

in pjl.

Properties ii) and iii) mean that the optimal combined target is ethically feasible: first

of all in each stratum it always assigns more than half the subjects to the better treat-

ment and the allocation to the better treatment increases in the expected treatment

difference. Property iv) means that the optimal combined target forces the allocation

to the better treatment increasingly as the representativeness of the stratum increases,

whereas property i) guarantees that suitable CARA procedures, like those discussed

in Section 6.4, can be adopted in order to converge to π∗
ω(j, l).

6.6 Other adaptive designs with covariates

In this chapter we have only considered particular cases of the linear homoscedas-

tic model, but different statistical models, which in general are special cases of the

generalized linear model, are needed to describe other very common types of re-

sponses, for example, binary outcomes, survival outcomes and time-to-event data,

when covariates are also observed. Suggestions of adaptive designs for such data can

be found in the book by Atkinson and Biswas (2014), and here we mention a few.

The theoretical results available at present are scarce.
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6.6.1 Atkinson’s Biased Coin Design for heteroscedastic normal models

with covariates

Set the response variance under treatment j to be σ2
j (j = A,B). Model (6.1) be-

comes

E[Yi] = δiµA+(1−δi)µB+h(zi)
tβ, V ar[Yi] = δiσ

2
A+(1−δi)σ2

B i ≥ 1.

With heteroscedastic observations, assuming the variances known, estimation is by

Weighted Least Squares. If the variances are unknown, they are estimated sequen-

tially. Atkinson and Biswas (2014) update the adaptive allocation rule of Atkinson’s

DA-BCD with covariates replacing the allocation probability of treatmentA in (6.31)

by

Pr (δn+1 = 1 | ℑn, zn+1) =
d̃(A, n, zn+1)/σA

d̃(A, n, zn+1)/σA + d̃(B, n, zn+1)/σB
, (6.64)

where d̃(j, n, zn+1) =
(
1− (1;h(zn+1)

t)(Ft
nFn)

−1bn
)2

.

There is also a Bayesian version, with (6.64) replaced by

Pr (δn+1 = 1 | ℑn, zn+1) =

=
σA

(
1 + d̃(A, n, zn+1)/σ

2
A

)1/υ

σA

(
1 + d̃(A, n, zn+1)/σ2

A

)1/υ
+ σB

(
1 + d̃(B, n, zn+1)/σ2

B

)1/υ

where υ has the same meaning as in Section 4.7. No further details are provided, but

some numerical comparisons are performed.

6.6.2 Atkinson’s Biased Coin Design for binary data with covariates

If the probabilities of success pj (j = A,B) under the different treatments depend

on covariates as follows

log

(
pj

1− pj

)
= µj + h(z)tβ,

the suggestion in Atkinson and Biswas (2014) is to assign the (n + 1)th subject to

treatment A with probabilities

d̃(A, n, zn+1)/
√
pA(1− pA)∑2

s=1 d̃(s, n, zn+1)/
√
ps(1− ps)

(6.65)

and this suggestion is again matched by the outcome of some simulations. However

in (6.65), pj depends on the unknown µA, µB and β, which must be estimated se-

quentially, and on the observed covariate zn+1.
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6.6.3 Randomized Play-the-Winner and Drop-the-Loser with

covariates

Possible approaches to the introduction of covariates in urn designs have been given

by Bandyopadhyay and Biswas (1997b) and Bandyopadhyay et al. (2009), and can

be found in Atkinson and Biswas (2014). For binary responses and one covariate

(prognostic factor) z with levels u = 0, 1, . . . , J ordered from the least to the most

favourable condition, it is assumed that

Pr (Yi = 1) = [pAδi + pB(1− δi)] a
J−u, i ≥ 1, (6.66)

where u is the covariate level of the ith subject and a ∈ (0; 1) is a prognostic factor

index, assumed known. The treatment of an entering subject at grade u is determined

by drawing a ball, which is then replaced into the urn together with another (J −u+
r)β balls of the same type and uβ of the opposite type if success is observed. In case

of failure, we add (J −u)β balls of the same kind and (u+ r)β of the opposite kind:

r is a design parameter meant to give more weight to a success for a subject with

a less favourable prognosis. Under appropriate hypotheses the authors calculate the

limiting proportion of subjects receiving treatmentsA andB, which does not depend

on β, but will depend on r.
Under the same assumption (6.66), Bandyopadhyay et al. (2009) provide the

covariate-adjusted version of Drop-the-Loser. A set of probabilities are chosen a pri-

ori: π0 < π1 < . . . < πJ . Then a treatment ball is replaced with probability πj when

a success has been observed at level j, whereas for a failure at the same level the ball

is replaced with probability πJ−j . The handling of immigration balls is the same as

for the DL. Again, the rationale is for responses with unfavourable prognostic factors

to have a greater impact. The limit proportion of subjects receiving A is obtained.

In Bandyopadhyay and Bhattacharya (2012) the allocation procedures mentioned

above are assessed both numerically and theoretically, and the performance of the

design is also investigated in a related hypothetical clinical trial.

6.7 Some conclusions

It is clear from the previous sections that the theory of adaptive randomization with

a full use of covariates has been debated in depth only for simple, i.e., normal ho-

moscedastic, models. In particular, there is not yet a theory of compound optimal

allocations for heteroscedastic outcomes. Due to its practical importance in applica-

tions, its extension appears to be a priority, also in the light of the modern advances

in personalized medicine.

More in general, it is remarkable that the open problems highlighted in the con-

clusions of Hu and Rosenberger (2006) still appear to be the relevant ones, although

some progress has been made in CARA randomization (see for instance Sections 6.3

through 6.5). Attention to urn models seems nowadays to be on the decline. On the
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other hand, adaptive designs for survival models have begun to be considered, while

adaptive randomization for longitudinal data is still an open issue.

The list of topics that deserve a better understanding is long; we have hinted at

some in the course of the book. For instance, theoretical work on the interplay be-

tween sequential analysis and adaptive randomization (in particular as regards find-

ing a suitable stopping rule to match the chosen allocation rule) is scarce, possibly

because of the mathematical complexity.

We hope that this book will encourage statistical research in all these areas.



Appendix A

Optimal designs

The classical theory of Optimal Designs deals with methods for choosing the best

design for inference in the non-sequential case. Optimal Design theory was first de-

veloped by Jack Kiefer in the 1960s for parameter estimation under the linear model

with second-order assumptions. Later, the theory has been extended to other models,

mainly in the family of the generalized linear models. The planning of an experiment

is seen as a decision problem (in the absence of data) which thus requires the speci-

fication of a loss function (an optimality criterion), reflecting the degree of failure of

the experiment to achieve its aims in terms of precision of the estimates, power of the

test, etc. The optimal experiment is the one whose design minimizes such loss. Al-

though practical restrictions or considerations of robustness with respect to the model

might prevent the researchers from implementing the optimum design, the choice of

a criterion allows them to use the optimum as a benchmark against which to measure

the efficiency of all the other designs.

To help the readability of the book, this appendix contains some basic definitions

and results that are useful tools for the comprehension of the designs considered in

our monograph. For a full understanding, we refer to the existing books on opti-

mal designs, e.g., Fedorov (1972), Silvey (1980), Pukelsheim (2006), Atkinson et al.

(2007) and Pronzato and Pazman (2013). We stress that the classical theory of Opti-

mal Designs is for fixed sample size, non-sequential experiments.

Design criteria for linear models

In an experimental setting, often the variable under study Y is taken to depend on a

vector x of regressors, indicating the levels of some experimental conditions set by

the experimenter. The linear model is a set of assumptions on the outcome, denoted

by Y (x), namely

1. E[Y (x)] = f(x)tγ =
p∑

j=1

fj(x)γj , where γ = (γ1, . . . , γp)
t are un-

known parameters and f(x)t = (f1(x), . . . , fp(x)) is a known vector

function.

2. V ar[Y (x)] = σ2, where the constant σ2 is in general regarded as a nui-

sance.
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3. Different observations are uncorrelated.

Each choice of x is referred to as a design point. The goal of the original theory of

Optimal Design is to fix the levels of the experimental conditions, i.e., to choose a

set of design points, and the proportion of observations to be taken at each of them,

in order to estimate the unknown parameters of the model as precisely as possible.

If Yi (i = 1, . . . , n) denotes the outcome of observation i at the design point xi

in an experiment with fixed sample size n, then the linear model assumptions yield

(in matrix notation)

E[Y] = Xγ V ar[Y] = σ2In, (A.1)

where In is the n × n identity matrix, Y = (Y1, . . . , Yn)
t , and X = (f(xi)

t) is

an (n× p)-dimensional matrix, usually called design matrix. We write Xn when we

wish to stress the number of observations.

A more detailed set of distributional assumptions results when the responses are

assumed to be normal homoscedastic, namely

Y ∼ N(Xγ, σ2I). (A.2)

The vector parameters γ is usually estimated by Ordinary Least Squares (OLS), that

under normality assumptions (A.2) coincide with maximum likelihood. If rank(X) =
p, the OLS estimates are

γ̂ = (XtX)−1XtY

and the predicted response corresponding to an unobserved value of x is Ŷ (x) =
f(x)tγ̂.

We often wish to choose an experimental design which makes the variance-

covariance matrix V = V ar [γ̂] “smallest”, where

V = σ2(XtX)−1 = σ2

(
n∑

i=1

f(xi)f(xi)
t

)−1

.

Should XtX be singular, it is in general possible to replace its inverse by the

Moore−Penrose generalized inverse.

An optimality criterion is a measure of loss of information and is frequently cho-

sen to be a function Ψ of the matrix V. The optimal design is the one that minimizes

criterion Ψ, which is usually a matrix convex increasing (with respect to Loewner’s

ordering) function of V. Matrix

M = n−1XtX = n−1
n∑

i=1

f(xi)f(xi)
t

is the normalized information matrix of the design and corresponds, up to σ−2, to

the normalized Fisher information when the responses are normally distributed (see

Chapter 1). It is a peculiarity of the linear model that this matrix does not depend on

the parameters of interest. Clearly, since V = n−1σ2M−1, we may also define an

information criterion Φ by Φ(M) = Ψ(V) and maximize Φ. By well-known matrix
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theory results, if Ψ is matrix convex and increasing in V, then Φ is matrix convex

decreasing in M and minimization of Ψ(V) corresponds to maximization of Φ(M).
The best known and most widely used criteria of this type are:

i) A-optimality, also called the trace criterion, which minimizes the average vari-

ance of the OLS estimators γ̂, namely

trV = V ar [γ̂1] + . . .+ V ar [γ̂p] = σ2tr(XtX)−1.

Clearly here (and in what follows) σ2 can be neglected.

ii) D-optimality is the best known and most widely used criterion, introduced by

Wald (1943), aimed at minimizing

detV = σ2 det(XtX)−1 = σ2
(
det(XtX)

)−1
.

Clearly, that is equivalent to maximizing detM or log detM. Under normality

assumptions, (1 − α)-confidence ellipsoids for γ have the form

(γ − γ̂)t(XtX)−1(γ − γ̂) ≤ kα,

with kα a suitable constant, and since the volume is proportional to (XtX)−1/2,

D-optimality minimizes this volume. Moreover, D-optimality is also equiva-

lent to maximizing the power of the F -test of equality of the parameters. D-

optimality is invariant under linear reparametrizations, whereas the trace crite-

rion is invariant only with respect to orthogonal transformations of the param-

eters. The quantity det (XtX)
−1

is called the generalized variance. A useful

result for the sequential construction of D-optimal designs is

det(Xt
n+1Xn+1) = det

(
Xt

nXn

)
[1 + f(xn+1)

t
(
Xt

nXn

)−1
f(xn+1)]. (A.3)

iii) E-optimality: if we are interested in all the linear combinations of the parame-

ters, we may want to minimize the largest variance of ctγ over all c ∈ R
p such

that ctc = 1. Now

max
ctc=1

V ar[ctγ] = max
ctc=1

(
σ2ct(XtX)−1c

)

= max eigenvalue of σ2(XtX)−1

= σ2(min eigenvalue of XtX)−1.

Thus this criterion consists in maximizing the minimum eigenvalue of XtX.

iv) c-optimality: if we are interested in estimating one particular linear combina-

tion ctγ of the parameters (typically a difference), we may want to minimize

V ar [ctγ̂] , that (up to the scalar σ2) equals

ct(XtX)−1c .

A special case is if we are interested in predicting Y at a particular design
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point x0 of the design region and want to choose a design so as to min-

imize the variance of the predicted response at x0, since V ar[Ŷ (x0)] =
σ2f(x0)

t(XtX)−1f(x0). The quantity

d(x0, n) = f(x0)
t(XtX)−1f(x0)

is called the generalized variance of the predicted response.

v) Linear optimality (alsoL-optimality) is obtained by extending the c-optimality

criterion so as to deal with more than one function of the parameters, say Ltγ.

Since V ar [Ltγ] = σ2Lt(XtX)−1L, the criterion is minimizing the sum of the

variances (up to the scalar σ2), namely minimizing

tr
(
Lt(XtX)−1L

)
= tr

(
(XtX)−1LLt

)
.

We obtain the same criterion if we are interested in predicting Y over an entire

design region X and want to choose a design so as to minimize the average

variance of the predicted response. Indeed, since

V ar[Ŷ (x)] = σ2f(x)t(XtX)−1f(x),

then we minimize

∫

X

f(x)t(XtX)−1f(x)dx=tr

(
(XtX)−1

∫

X

f(x)f(x)tdx

)
,

where
∫
X
f(x)f(x)tdx is a non-negative definite matrix.

vi) Instead of the trace, we can consider the determinant; and the criterion may be

calledDL-optimality. The generalized variance of the predicted response is now

dL(x0, n) = f(x0)
t(XtX)−1L

(
Lt(XtX)−1L

)−1
Lt
(
XtX

)−1
f(x0).

In the sequential construction ofDL-optimum designs, formula (A.3) is replaced

by

det
(
Lt(Xt

n+1Xn+1)
−1L

)−1
= det (Xt

nXn)×[
1 + f(xn+1)

t (Xt
nXn)

−1
L
(
Lt(Xt

nXn)
−1L

)−1
Lt (Xt

nXn)
−1

f(xn+1)
]
.

vii) Supposing we are interested in estimating only s parameters, say θ =(
Is : 0s×(p−s)

)
γ, where 0s×(p−s) is a matrix of all zeroes, then the variance-

covariance matrix of θ̂ is

V ar
[
θ̂
]
= σ2

(
Is : 0s×(p−s)

)t (
XtX

)−1 (
Is : 0s×(p−s)

)
,

so (XtX)−1 must be replaced by
(
Is : 0s×(p−s)

)t
(XtX)−1

(
Is : 0s×(p−s)

)
. If
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we decompose the matrix X as X = (X1: X2), where X1 is n× s -dimensional

and X2 is n× (p− s), then

(
Is : 0s×(p−s)

)t
(XtX)−1

(
Is : 0s×(p−s)

)

=
(
Xt

1X1 −Xt
1X2

(
Xt

2X2

)−1
Xt

2X1

)−1

(A.4)

and As-optimality, Ds-optimality, etc. are defined as the corresponding

A−, D− etc. optimality criteria applied to matrix (A.4) or to the information

matrix Xt
1X1 −Xt

1X2 (X
t
2X2)

−1
Xt

2X1.

In point of fact, As-optimality and Ds-optimality are special cases of L- and DL-

optimality with L =
(
Is : 0s×(p−s)

)
.

Example A.1 In a comparative experiments with two treatments without covariates,

the model may simply be

E[Yi] = δiµ1 + (1− δi)µ2, V ar[Yi] = σ2, i ≥ 1, (A.5)

so the generalized variance of the predicted response corresponding to treatment

j = A,B after n steps is

d(j, n) =
1

nj
.

This is relevant for the DA-BCD of Section 2.6 in Chapter 2. If the allocation proba-

bilities of A andB are proportional to n−1
A and n−1

B respectively, they must be equal

to nB/n and nA/n respectively.

Example A.2 For the same model as Example A.1 the treatment difference is ob-

tained with c = (1;−1)t. For treatment A, xn+1 = (1; 0)t and

dL(A, n) = f(xn+1)
t
(
Xt

nXn

)−1
c
(
ct(Xt

nXn)
−1c
)−1

ct
(
Xt

nXn

)−1
f(xn+1)

=
nB

n · nA
.

Similarly dL(B, n) = nA/(n ·nB). This is relevant for theDA-BCD of Section 2.4.3

in Chapter 2. If the allocation probabilities of A and B are proportional to nB/nA

and nA/nB respectively, they must be equal to

n2
B

n2
A + n2

B

and
n2
A

n2
A + n2

B

,

respectively.

The following are further criteria of optimality, not considered in this book.

viii) G-optimality: if we are interested in predicting Y over the entire design region

X and want to choose a design so as to minimize the maximum variance of the

prediction, the criterion to be minimized will be

sup
x∈X

f(x)t(XtX)−1f(x).
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ix) MV -optimality. This is a minimax criterion, it minimizes the maximum

variance of the estimates γ̂j , i.e., the largest entry on the main diagonal of

(XtX)−1.

x) T -optimality and KL-optimality. One of the criticisms usually made to the

theory of Optimal Designs is that a particular model has to be assumed before

designing the experiment, which in most cases means before having any data.

Sometimes several competing models appear to be adequate for the same prob-

lem. In this case, a model has to be chosen after a discrimination hypothesis

test and we may seek an optimal design for model selection. For normally dis-

tributed observations, an optimality design criterion for discriminating between

two homoscedastic models is the T -criterion (Atkinson and Fedorov, 1975a,b),

which maximizes the power of the F -test for lack of fit. When the rival models

are nested and they differ by s parameters, another criterion for model discrim-

ination is Ds-optimality. An extension to a more general distributional setup is

the recently proposed KL-criterion based on the Kullback-Leibler divergence

(Lopez-Fidalgo et al., 2007), which coincides with the T -optimality criterion

when the observations are normally distributed.

Optimality of balance under a linear homoscedastic model

For comparative experiments a balanced design is often regarded as desirable, and

indeed under a linear homoscedastic model balance is often optimal with respect to

a wide class of criteria, although the term “balance” has different meanings for dif-

ferent specifications of the model. Jack Kiefer was the first to prove instances of this

optimality using invariance of the information matrix with respect to suitable permu-

tations of the parameters: any permutation of the parameters induces a permutation

on the rows and (the same) on columns of the matrix XtX. Roughly speaking, a

design can be denoted as balanced when its normalized information matrix M is

invariant under a suitable group G of permutations operating simultaneously on the

rows and columns. According to the particular problem under examination, different

groups of permutations must be called for. Furthermore, apart from permutations,

other matrix transformations are of relevance when investigating design optimality

for the linear model: an in-depth study of this topic can be found in Giovagnoli et al.

(1987). The invariance of M (and hence of the variance-covariance matrix V) with

respect to G is clearly necessary for optimality with respect to all the criteria Φ or Ψ
satisfying the conditions

a) Φ is matrix convex in M (Ψ is matrix convex in V),

b) Φ (Ψ) is invariant under permutations in G,

since for all 0 < a < 1 and permutation matrix Π

Φ
(
aXtX+ (1− a)ΠtXtXΠ

)
≤ aΦ

(
XtX

)
+(1−a)Φ

(
ΠtXtXΠ

)
= Φ

(
XtX

)
.
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All the above criteria from i) to ix) satisfy condition a); as long as in ii) we take

Φ = − log det. Criteria i) through iii), and also ix), are invariant with respect to

any permutations of all the parameters. Criterion v), of which iv) is a special case,

is invariant with respect to permutations of the parameters (hence of the rows of L),

that leave the matrix LLt invariant. The criteria considered in vi) are left invariant

by the corresponding permutations of the s parameters of interest among themselves

which fix the p− s remaining parameters.

However invariance of the design does not always guarantee optimality. Since all

the criteria of interest also satisfy

c) Φ is decreasing in M (Ψ is increasing in V) with respect to the Loewner ordering,

as well as invariant the matrix M must also be minimal with respect to such ordering

in the class of design information matrices we are considering. But if the invariant

matrix is unique in that class, then it is straightforward that it must be optimal.

We now give a few examples of interest for comparative experiments with v
treatments.

Example A.3 Treatment estimation: when the model is simply

E[Yi] = δtiµ, V ar[Yi] = σ2, i ≥ 1, (A.6)

the normalized information matrix is

M = n−1XtX = n−1diag(n1, n2, . . . , nv).

For fixed n, the invariance condition is n1 = n2 = . . . = nv . Since tr (M) = 1
is fixed, the invariant matrix is unique and thus the equireplicated design is optimal

with respect to A−, D−, E− and MV−optimality.

Example A.4 Treatment estimation with nuisance parameters β = (β1, . . . , βp)
t: if

the model is

E[Y] = ∆µ+X2β, V ar[Y] = σ2In, (A.7)

where ∆ = (δ1; . . . ; δn)
t

and interest is in estimating only µ, the information for µ

is

M = n−1
[
∆t∆−∆tX2

(
Xt

2X2

)−1
Xt

2∆
]
. (A.8)

The invariance of (A.8) with respect to all the permutations of treatment parameters

is ensured by the following two conditions holding simultaneously

∆t∆ =
n

v
Iv (A.9)

(
∆t − 1

n
Jv×n

)
X2 = 0v×p (A.10)

where Jv×n = 1v1
t
n is a matrix of all ones. For given X2 the invariant information

matrix is
n

v
Iv −

1

n
Jv

(
1t
vX2

(
Xt

2X2

)−1
Xt

21v

)

and thus is unique, and this is sufficient to ensure As− and Ds− optimality of the

balanced design.
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Example A.5 Estimating treatment contrasts: assume

E[Y] = ∆µ, V ar[Y] = σ2In (A.11)

and let the contrasts of interest be Ltµ = (µ1 − µ2, µ1 − µ3, . . . , µ1 − µv)
t. In this

case L-optimality, i.e., minimizing

v − 1

n1
+

1

n2
+ . . .+

1

nv

is invariant with respect to any permutation of the last v−1 treatments that leaves the

first treatment fixed, so these treatments must be equireplicated for balance. However,

for optimality we need n1 =
√
(v − 1)n2. In the case of just two treatments, namely

for estimating the contrast µ1−µ2, permuting the two treatments leavesL-optimality

invariant, so it is enough that the two treatments be equireplicated.

Example A.6 The case of two treatments in the presence of covariates that do not

interact with the treatments: this is a special case of Example A.4. Let the model be

E[Y] = Xγ = δ(n)µA + (1n − δ(n))µB + Fnβ, V ar[Y] = σ2In, (A.12)

where µA and µB are the treatment effects, β is a p-dimensional vector of covariate

effects which may include interactions among the covariates, Fn = (h(zi)
t)n×p

with zi the vector of covariates observed on the ith unit and h(·) a known vector

function. Here X =
(
δ(n);1n − δ(n);Fn

)
, γt = (µA, µB,β

t) and M, i.e., the

(2 + p)-dim information matrix of the parameter vector γ, given the covariates and

the design is:

M =
1

n




δ(n)tδ(n) δ(n)t
(
1n − δ(n)

)
δ(n)tFn(

1n − δ(n)
)t
δ(n)

(
1n − δ(n)

)t (
1n − δ(n)

) (
1n − δ(n)

)t
Fn

Ft
nδ

(n) Ft
n

(
1n − δ(n)

)
Ft

nFn




=




πn 0 n−1δ(n)tFn

0 1− πn n−1
(
1n − δ(n)

)t
Fn

n−1Ft
nδ

(n) n−1Ft
n

(
1n − δ(n)

)
n−1Ft

nFn


 .

(A.13)

If the vector β is considered to be a nuisance parameter and the inferential interest

lies in estimating (µA, µB) or µA − µB as precisely as possible, letting Lt = (I2 :
02×p), optimality criteria of interested are the following special cases of As- and

Ds-optimality:

tr
(
LtM−1L

)
, (A.14)

or

det
(
LtM−1L

)
, (A.15)

with M−1 replaced by the Moore−Penrose generalized inverse if needed.

The balance conditions (A.9) and (A.10) become

(
2δ(n) − 1n

)t
(1n : Fn) = 01×(p+1), (A.16)
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A design with this property is optimal for model (A.12) with respect to any con-

vex criterion Φ of the information matrix M in (A.13) which is left invariant by the

permutation of the treatments, namely of the first two rows and two columns simul-

taneously, like (A.14) and (A.15).

Example A.7 Estimating the contrast between two treatments in the presence of

covariates that may interact with the treatments. A model that accounts for treat-

ment/covariate interactions is the homoscedastic one with

E[Yi] = δiµA + (1− δi)µB + h(zi)
t (δiβA + (1− δi)βB) , i ≥ 1, (A.17)

where βA and βB are d-dim vectors of possibly different regression parameters.

The vector of unknown model parameters is now γ = (µA, µB,β
t
A,β

t
B)

t and the

corresponding (2 + 2d)-dimensional information matrix is

M =




πn 0 n−1δ(n)tFn 01×d

0 1− πn 01×d n−1(1n − δ(n))tFn

n−1Ft
nδ

(n) 0d×1 n−1Ft
n∆̃Fn 0d×d

0d×1 n−1Ft
n(1n − δ(n)) 0d×d n−1Ft

n(In − ∆̃)Fn


 ,

(A.18)

where ∆̃ = diag
(
δ(n)

)
. For model (A.17) the following balance conditions

(
2δ(n) − 1n

)t
(1n : Fn) = 01×(d+1) (A.19)

Ft
n(2∆̃− In)Fn = 0d×d. (A.20)

ensure invariance with respect to permutations of the bottom two block rows and the

two right-hand block columns, as well as the first two rows and columns. Given the

covariates, hence given Fn, the invariant matrix is unique, namely

M =




1/2 0 (2n)−11t
nFn 01×d

0 1/2 01×d (2n)−11t
nFn

(2n)−1Ft
n 1n0d×1 n−1Ft

nFn 0d×d

0d×1 (2n)−1Ft
n1n 0d×d n−1Ft

nFn


 ;

thus a balanced design is optimal for model (A.17) with respect to any convex cri-

terion Φ of the information matrix M in (A.18) left invariant by an exchange of the

two treatments. Letting Dt = (02d×2 : I2d), some inferential criteria of interest

with these properties are

detV ar[γ̂n] =
σ2

n
det
(
M−1

)
, (A.21)

trV ar [γ̂n] =
σ2

n
tr
(
M−1

)
, (A.22)

detV ar
[
βt
A,β

t
B

]
=
σ2

n
det
(
DtM−1D

)
, (A.23)

and

trV ar
[
β̂A − β̂B

]
=
σ2

n
tr
(
DtM−1D

)
. (A.24)
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Optimal designs for non-linear models

Often the assumptions (A.1) underlying the linear model are violated, either because

E[Y (x)] is a non-linear function of the unknown parameters, or because V ar[Y (x)]
is not constant, or because observations are not uncorrelated, or in other ways. A

comprehensive book on designs for non-linear models is by Pronzato and Pazman

(2013), which includes also some optimal designs.

Roughly, the same classic design criteria seen above are defined to be functions

of the asymptotic variance-covariance matrix of suitable estimators of the parame-

ters. It is assumed that, at least asymptotically, this variance-covariance matrix could

be approximated by the inverse of Fisher’s information matrix. Letting M be the nor-

malized Fisher information, the optimal design will be such as to minimize a convex

decreasing function Φ(M).
For non-linear models both matrices M and V will generally depend on some of

the unknown parameters and minimization of the criterion gives rise to designs that

are also functions of the parameters. They are called locally optimal and in order to

be implemented, they need a guess value for the unknown parameters. An alternative

approach is to proceed sequentially: at each step the information obtained from the

accumulated data is used to estimate the parameters of the model and thus estimate

the would-be optimal design. This estimate will direct the choice of the next design

points and the procedure is then reiterated. This idea goes back to Silvey (1980);

however, the actual optimality of this method with respect to the inferential criterion

that has been chosen is not evident.

Lastly, the Bayesian paradigm can also be applied (see Appendix B).
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Bayesian approaches in adaptive designs

As is well known, the Bayesian paradigm (Bernardo and Smith, 1994; Carlin and

Louis, 2009) makes explicit use of prior information in the statistical analysis by

treating the unknown parameters of the model as random quantities and expressing

the a priori uncertainty about them by means of a probability distribution, the prior,

which after observing the responses is updated to a posterior distribution via Bayes’

theorem. The posterior is used to make inferences about the unknown quantities, and

to calculate the predictive distribution of future observations given the past ones. The

process may be iterated using the posterior distribution as the new prior. Random-

ization is not essential in Bayesian statistics, but it still plays a role, since biases that

creep in may make legitimate conclusions impossible. In clinical trials in particular,

Bayesians share with non-Bayesians the goal of randomizing patients to treatment

arms so as to assign more patients to the treatments that do better in the trial.

The whole of Bayesian inference is conditional on the data: in other words, what

matters are the actual observations, and the way in which the data were obtained

is irrelevant. For example, the reason for stopping a trial affects frequentist but not

Bayesian inference. So, a major difference from the frequentist approach is that in

the Bayesian setup experiments can be altered in mid-course without affecting the

analysis. This seems to justify a practice used to be common, namely an experimental

design inspired by a frequentist rule followed by a Bayesian analysis of the data.

However, Barnard (1959) suggested that prior information can and should be in-

corporated into the design problem and his viewpoint has been taken up by a large

number of authors and has percolated into practice. A much quoted overview of

Bayesian design literature up to 1995 is Chaloner and Verdinelli (1995), but no up-

date is yet available. Spiegelhalter et al. (2004), who devote Chapter 6 of their book

to randomized controlled trials in a Bayesian perspective, deal explicitly with de-

sign and monitoring. The potential and adaptability of the Bayesian methodology

in planning and conducting clinical researches is fully illustrated by Berry (2004),

and indeed adaptive randomization in a Bayesian perspective has become a stan-

dard at some medical institutions, although the use of the Bayesian approach in the

pharmaceutical developments is not widely accepted by the regulatory agencies. For

non-sequential experiments, there are Bayesian design methods which have become

classic by now: we describe them in the next section. A more thorough presentation

is to be found in Piccinato (2009). More recently, hybrid approaches to experiments

have been proposed which mix frequentist and Bayesian philosophies: inference is

100% frequentist, but a prior probability on the parameters is used to help the de-

sign stage. The rationale is that while a large number of statisticians would object to
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Bayesian analysis on the grounds of its subjective nature, the same scientists would

possibly agree on using prior information for choosing the experiment, since the

choice takes place in the absence of data. This viewpoint may be thought of as a

special case of the design prior versus analysis prior distinction that goes back to

Etzioni and Kadane (1993): frequentist inference can often be obtained with a vague

analysis prior.

It is true to say that sequential experimentation is, in general, congenial to the

Bayesian methodology, and the present day interest in adaptive procedures has broad-

ened the scope for theoretical developments of Bayesian designs too. In adaptive de-

sign theory, the idea of hybrid designs has become very popular: we have come across

some of them in the rest of this book. No general theory of Bayesian adaptive designs

exists yet, but Bayesian adaptive methods in clinical trials are the subject of the book

by Berry et al. (2011), where Bayesian tools useful in early (Phase I), middle (Phase

II) and late (Phase III) stage trials are presented. One section of that book (Sec-

tion 4.4) is devoted to response-adaptive randomization. Some well-known adaptive

Phase II studies, like BATTLE and the I-SPY TRIAL (see Berry et al. (2011)), were

designed with a Bayesian approach.

The classic Bayesian theory in experimental designs

In the Bayesian setup, inference problems are often formulated in a decision theory

framework. Let y = (y1, . . . , yn)
t be the vector of responses and γ ∈ Ω the vector of

unknown parameters of the model, with prior distribution p(γ); let d = d(y) denote

a decision depending on the observed data (typically the estimate of a parameter,

the choice between alternative hypotheses, or the choice between models), and let

W (d,γ) be a function that measures the loss of choosing d for each “true” value

of the vector parameter γ. The Bayes rule is to take the decision that minimizes

the posterior risk, i.e., the expected loss with respect to the posterior distribution

p(γ | y), namely

Eγ|y[W (d(y),γ) | y]. (B.1)

This concerns inference, but what about the experimental design? Lindley (1972)

was the first to look at the choice of an experimental plan too as a statistical decision

problem and defined an optimal Bayesian design to be the one which minimizes the

Bayes risk, i.e., the loss incurred by the Bayes rule. Since at the design stage no data

have been collected yet, evaluation of the design requires taking the expectation of

(B.1) with respect to the marginal distribution of the responses

EY[Eγ|Y[W (d(Y),γ)]].

Clearly the loss function can be replaced by a utility function and minimization by

maximization.

When the purpose is to estimate γ under the assumption of a quadratic loss W ,

after the data y = (y1, . . . , yn)
t have been observed the Bayes estimate is the poste-

rior expectationE [γ | y] of γ, and the corresponding loss is the trace of the posterior

covariance matrix, i.e., trV ar [γ | y]: one needs to minimize the expected posterior
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loss E [trV ar [γ | y]] = trE [V ar [γ | y]]. So minimizing the expected posterior

loss shares the same mathematics as A-optimality. For the normal model (1.7) with

a conjugate (i.e., normal) prior for the vector µ, the D- and E-optimality criteria

defined in Section 1.6 applied to E [V ar [γ | y]] also find a decision-theoretic justi-

fication (see Giovagnoli and Verdinelli (1983) and Pilz (1991)).

There are also other approaches tailored on the Bayesian outlook. When an ex-

periment has “information” as its generic objective, the utility function can be based

on a measure of information given by the experiment, typically Shannon’s (Shannon,

1948). More precisely, the idea is to choose in a given class of experimental designs

the one which maximizes the expectation of the difference between Shannon’s infor-

mation based on the posterior distribution of the parameters and that based on the

prior (Lindley, 1956). It can be shown that it is equivalent to choosing the experi-

mental plan that maximizes the expected Kullback-Leibler divergence between the

posterior and the prior of the model parameters, i.e.,

∫ {∫

Ω

log
p(γ | y)
p(γ)

p(γ | y)dγ
}
f(y)dy,

where f(y) =
∫
f(y | γ)p(γ)dγ is the marginal distribution of the responses.

The purpose of the experiment may alternatively be prediction of future out-

comes, often required in clinical applications or in quality control. A priori, the pre-

dictive distribution of the next observation is

f(y) =

∫

Ω

f(y | γ)p(γ)dγ,

whereas a posteriori the predictive distribution is

f(yn+1 | y1, . . . , yn) =
∫

Ω

f(yn + 1 | γ)p(γ | y1, . . . , yn)dγ.

In this case, the choice of the experimental plan can be made evaluating the informa-

tion contents of the prior and of the posterior predictive distributions and maximizing

the expected gain in Shannon’s information, which again is equivalent to considering

the expectation of the Kullback-Leibler divergence of the posterior predictive from

the prior predictive. Other authors (Eaton et al., 1996) consider minimizing quadratic

measures of distance between the predictive distributions.

The problem of allocating v treatments sequentially when the experiment has a

utilitarian purpose has been mentioned at the start of Chapter 4. In the Bayesian lit-

erature it is known as a bandit problem (Berry and Fridstedt, 1985). It consists of

sequential selection of the observations from v stochastic processes (the arms), cor-

responding to the treatments. The classic objective is to choose a strategy that maxi-

mizes the expected value of a payoff function
∑

n αnYn, where Yn is the response at

stage n and αn are non-negative numbers. Given a sequence {α1, α2, . . . , αn, . . .},

the payoff is averaged over the unknown parameters with respect to some prior distri-

bution quantifying the knowledge of the experimenter concerning the v arms. With a

finite sequence {α1, α2, . . . , αn}, to solve this sequential decision problem one must
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start from the last stage and work backwards (this is properly explained for instance

in Bernardo and Smith (1994)), and solve a problem in dynamic programming. Prac-

tical implementation of this, however, is in general prohibitive. In some cases the

authors choose designs with only a very limited number of stages, for instance two

stages.

A multipurpose approach proposed by Verdinelli and Kadane (1992) combines

inference on γ with the gain given by the value of the response y, in the same spirit

as the compound criteria introduced in Chapter 5 of the present book. The authors

suggest a utility function which is a linear combination of the total expected value of

future observations and the Shannon’s information of the experiment:

U =

∫ {
yt1+ ω

[∫

Ω

p(γ|y) log p(γ|y)dγ
]}

f(y)dy,

where ω is a weight that measures the relative contribution of the two components.

When the purpose is both prediction and parameter estimation, Verdinelli (1992)

suggests a utility function obtained as a convex combination of the relative utilities.

We now give a simple example of a Bayesian design for comparing v treatments

under a linear model with normality assumptions:

Example B.1 Let the model be (1.7) with known variances σ2
j and assume a conju-

gate normal prior for the vector µ of the treatment effects, with the prior covariance

matrix D of µ known. Then the posterior covariance matrix after nj observations of

treatment j (j = 1, . . . , v) is

V =





diag

(
σ2
j

nj

)

j=1,...,v



−1

+D−1




−1

.

This is true regardless of whether the posterior has been updated after each observa-

tion or just at the end. It is often reasonable to assume that the treatment effects are

a priori uncorrelated, so that D = diag
(
τ2j
)
j=1,...,v

; different values of τj reflect

different degrees of prior uncertainty on the parameters, which might be realistic, es-

pecially with a control treatment. If the loss W is taken to be quadratic, the Bayesian

A-optimal design is

nk =
σk∑
j σj


n+

v∑

j=1

σ2
j

τ2j


− σ2

k

τ2k
, ∀k = 1, . . . , v (B.2)

(assuming that the quantities (B.2) are all ≥ 0). The intuitive interpretation is that

the prior information is the equivalent of mk = (σk/τk)
2 previous observations on

treatment k (k = 1, . . . , v) and the optimal allocation is Neyman’s (see Table 1.1)

out of a total number n+
∑v

j=1mj observations. Clearly when the prior information

on some treatment is vague, i.e., τ2k → ∞, this is exactly the same as the Neyman

allocation for model (1.7). On the other hand, the treatments for which τ2k is very

small will not be observed.
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For fixed sample size n and known σj ’s, the example just shown gives a fixed

optimum target allocation of the treatments. When the σj’s are unknown, Verdinelli

(2000) has shown that, for the most common choices of optimal design criteria,

Bayesian experimental designs are, at worst, only mildly affected by the knowledge

of data variability.

The above example is straightforward because the model is linear. With non-

linear models a rigorous, i.e., fully Bayesian, approach often leads to a mathemati-

cally very complex problem. As previously mentioned, a widespread viewpoint is to

combine a Bayesian perspective on the design with a frequentist one on the statistical

analysis of the data, giving rise to a hybrid approach. Going back to Chaloner and

Larntz (1989), the following methods are practiced. They are sometimes described

as “probability only” approaches, since they do not specify a utility or loss function.

Method 1: The loss of information is measured by a frequentist criterion, as in

Section 1.6. This criterion will be a function of Fisher’s information

matrix and in general will depend on the unknown parameters. If

a prior distribution on the parameters is available, the criterion’s ex-

pectation is calculated and then minimized over the set of all possible

target allocations.

Method 2: Fisher’s information matrix is averaged over the parameter prior, and

a target allocation is chosen that optimizes a suitable function of it.

This alternative procedure is less convincing in terms of a theoretical

justification.

Method 3: When the target, obtained by an optimal frequentist design criterion

or otherwise, depends on the unknown parameters, it is averaged over

the parameter prior.

Method 4: The statistical model is averaged with respect to the parameter prior

and a target allocation is calculated.

These ad hoc approaches may turn out to be fairly efficient in particular instances,

but it would be an arbitrary judgment to claim that they are “optimal” in any sense,

apart perhaps from Method 1.

Bayesian adaptive experimental designs

All the above methods give rise to a known target allocation, and the treatments can

be assigned to the units in a non-adaptive way so as to achieve the desired target. If

the target allocation is known prior to the beginning of the experiment, there is no ap-

parent need to plan the experiment sequentially. The need may arise, though, in order

to introduce a randomization component; if so, the allocation-adaptive procedures of

Chapter 2 can be applied within a Bayesian context too. Some designs get labeled

as Bayesian just because a target allocation obtained by Bayesian arguments is used

as the allocation probability; Atkinson (2002) and Atkinson and Biswas (2005b) de-

scribe some designs as Bayesian Biased Coin ones, due to the fact that the allocation

targets (one is non-skewed and the other is skewed) were obtained by a Bayesian
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approach due to Ball et al. (1993), that combines two utility functions, one for infer-

ential precision and one for randomness.

To target an allocation which depends on the parameters, an appealing alterna-

tive is to use the data to update the posterior distribution of the treatment effects at

each stage, rather than rely on the prior throughout the experiment. The four hybrid

Bayesian-frequentist methods listed above for non-sequential experiments get prac-

ticed in sequential contexts too. This also enables use of the accrued information to

redress the allocation towards the most promising treatments. Thus, in some circum-

stances the whole apparatus of response-adaptive treatment allocation discussed in

some chapters of this book works for Bayesian experiments too.

Reiterating Method 1 is fairly common; it is used for instance by Haines

et al. (2003). An example of reiterated Method 3 is the continual reassessment by

O’Quigley et al. (1990) and subsequent modifications thereof, for targeting an un-

known quantile. Reiterated Method 4 is used for instance by Yin and Yuan (2011).

With binary outcomes, given two treatments A and B with probabilities of suc-

cess pA and pB , a suitable Bayesian ethical target for A might be Pr(pA > pB).
An idea that goes back a long time (Thompson, 1933) is to use the posterior prob-

ability Pr(pA > pB | y), as the allocation mechanism of the experimental units.

We may start with the same Beta distribution Beta(a, b) as our prior for both pA
and pB , with pA and pB a priori independent. Having observed sj successes out of

nj assignments on treatment j (j = A,B), the posterior on pj is also Beta with

Beta(a+ sA, b+ nj − sj). Then, Pr(pA > pB | y) is our allocation probability for

A at the next step. It is interesting to point out that the Bayesian approach is condi-

tional on the design, and if pA and pB are a priori independent, they will continue to

be (conditionally) independent also a posteriori.

To avoid undesirable variability, it is common practice to consider a stabilizing

transformation, namely to take the allocation probabilities of treatment A propor-

tional to Pr(pA > pB | y)υ and vice versa for B, where υ is a positive quantity that

modulates the tradeoff between the exploration and the exploitation aims of the ex-

periment: υ = 1/2 is the recommended value, based on empirical experience (Thall

and Wathen, 2007). Extensions of the theory include a predictive criterion for select-

ing υ that also allows its progressive reassessment based on interim analysis data, and

the so-called randomized probability matching, a multi-armed bandit that randomly

allocates observations to arms according the Bayesian posterior probability that each

arm is the best.

The Bayesian procedures described so far refer to fixed sample size n, whereas

often the problem is finding an optimal n, for instance to guarantee a given thresh-

old for the power of a test under the alternative hypothesis. Since the seminal paper

on this topic by Adcock (1997), the research on optimal sample size in a Bayesian

framework has grown steadily. In Bayesian inference, often the Bayes factor is uti-

lized as the criterion to choose between two hypotheses and the sample size problem

is embedded in this context. Clinical applications are privileged: De Santis et al.

(2004), followed by Mlan et al. (2006), were the first to systematically consider

Bayesian sample size problems for case-control studies, and a related article is, for

instance, Gubbiotti and De Santis (2011).
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and Probability Letters, 49(2):163–173, 2000.

A. Krause. The virtual patient: Developing drugs using modeling and simulation.

Chance, 23:48–52, 2010.

O. M. Kuznetsova and Y. Tymofyeyev. Brick tunnel randomization for unequal al-

location to two or more treatment groups. Statistics in Medicine, 30:812–824,

2011.

O. M. Kuznetsova and Y. Tymofyeyev. Preserving the allocation ratio at every allo-

cation with biased coin randomization and minimization in studies with unequal

allocation. Statistics in Medicine, 31:701–723, 2012.

J. M. Lachin. A review of methods for futility stopping based on conditional power.

Statistics in Medicine, 24:2747–2764, 2005.

W. Li, S. D. Durham, and N. Flournoy. Randomized Pòlya urn designs. In Proceed-
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Adaptive Designs for Sequential Treatment Allocation presents a rigorous theo-
retical treatment of the results and mathematical foundation of adaptive design 
theory. The book focuses on designing sequential randomized experiments to 
compare two or more treatments incorporating information accrued along the way. 

The authors first introduce the terminology and statistical models most commonly 
used in comparative experiments. They then illustrate biased coin and urn designs 
that only take into account past treatment allocations as well as designs that use 
past data, such as sequential maximum likelihood and various types of doubly 
adaptive designs. The book also covers multipurpose adaptive experiments in-
volving utilitarian choices and ethical issues. It ends with covariate-adaptive meth-
ods. The appendices present basic tools of optimal design theory and address 
Bayesian adaptive designs.

Features
•	 Presents adaptive randomized designs for comparing different treatments
•	 Discusses the statistical properties of adaptive designs and the mathematical 

implications of the inference following the experiment
•	 Covers new material, particularly on the trade-off between ethics and 

inference
•	 Shows how to use covariates to improve designs
•	 Examines all the renowned biased coin and urn designs as well as additional 

topics, such as up-and-down designs

This book helps you fully understand the theoretical properties behind various 
adaptive designs. You are then equipped to choose the best design for your ex-
periment.
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